Bahl, Cocke, Jelinek and Raviv (BCJR) Algorithm

Reference: “ Optimal Decoding of Linear Codes for Minimizing Symbol Error
Rate”, IEEE Trans. Info. Theory, Vol 1T-20, pp 284-287, March 1974.

The Viterbi Algorithm — MLSE — minimizes the probability of sequence (word)
error
- not necessarily minimize the probability of bit(symbol) error.

Objective: To derive an optimal decoding method for linear codes which
minimizes the symbol error probability.

General Problem:

Estimating the a posteriori probabilities (APP) of

1. The states and
2. Thetrangtions of a

Markov source observed through a noisy discrete memoryless channd (DMC).
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The source above is assumed to be a “discrete-time finite-state” Markov process
(e.g. Convolutional encoder, or a finite state machine — FSM).

M gtates, m=0,1,.....M-1.
The state of the source at timet is denoted by S and its output by X;.
A state sequence from t to t¢

S°=S, Setee St

Theoutput sequence  X{*= Xi, Xests-... Xt



The sate transitions of the Markov source are governed by the transition
probabilities

p(m Mm@ =Pr{S=m|S,=mg
And the output by the probabilities
(X | m¢m) = Pr {X; = X | S.. = m¢; § = m}
where X belongs to some finite discrete al phabet.
The Markov source starts in the initial state S = 0, and produces an output
sequence X' ending in theterminal state S; = 0.
X' istheinput to a noisy DMC whose output is the sequence
Y=Yy, Yy 0
Thetransition probabilities of the DMC are defined by R(.|.) so that for all
1£t£t Pr{Y{|X{}= (L)R(Yj | X)
j=1

The objective of the decoder is to examine Y,' and estimate the APP of the states
and the transitions of the Markov source, i.e., the conditional probabilities

P{S=m|Y'}=Pr{S=m; Y} /P{ Y} (1)

P{S1=m¢S=m|Y{ '} =Pr{S1=m¢S=m; Y }/P{ Y} (2

Graphical interpretation:

State diagram: Nodes are states, branches — the transtions having nonzero
probabilities.



Trdlis diagram: Index the states with both the time index t and state index m b
“trdlis’
Shows the time progression of the state sequences.

For every state sequence S;' there is a unique path through the trelis and vice
versa.

If the Markov source is time variant, then we can no longer represent it by a state-
trangition diagram; however we can construct atrellis for its state sequences.

Associated with each node in the trellisis the corresponding APP
Pr{S=m]|Y;}and

Associated with each branch in the trellisis the corresponding APP
P{S.=m¢S=m|Y;}.

The objective of the decoder isto examine Y,' and compute these APP.
It iseasier to derivethejoint probabilities

l(m)=Pr{S=m; Y} and

s{(m¢m) =Pr{ S1=m¢ S=m;VY,}.

For agiven Y.', Pr{ Y.} isa constant, we can divide | (m) and s{(m¢m) by Pr{
Y.'} which isequivalent to| ;(0), which is available from the decoder.

Alternatively we can normalize | (m) and s{(m¢m) to add up to 1 to obtain the
same result.

P Derive amethod for obtaining the probabilities| (m) and si(m¢m).
Define the probability functions:

a(m=Pr{S=m; Y}
bt(m):Pr{Yt+1t|S:m}



amem)=Pr{ S=m;Y|S1=m¢
Now (M) =Pr{S=m; Yy}
=Pr{S=m; Y }.Pr{Yu|[S=m; Y.}
where
Pr{Yeu |S=m;Y: }=Pr{S=m; Y ;Yed }/Pr{S=m; Y.}
=Pr{S=m;Y{}/Pr{S=m; Y}
anda(m)=Pr{ S=m; Y}
therefore,

l(m)=a(m).Pr{Yu'|S=m:Yq}
=a(m).Pr{Yu|S=m}

Markov property: if S isknown, events after timet do not depend on Y.
Thus | ((m) = ay(m) . by(m) (3)
sinceby(m) =Pr{ Yus |S=m}.

In asmilar manner,

s(m¢m)=Pr{ S1=m¢ S=m; Y}
=Pr{Sa=m¢; Y. '} .Pr{S=m;Y|Seci=m@ .Pr{ Yes|S=m}

where

Pr{S=m;Y{|Sca=m¢ =Pr{ S=m; Y| Se1=m¢; Y,"*}
=Pr{S=m:Y:;Su=m¢; Y.}/ Pr{S1=m¢; Y ')}

Pr{Yu' |S=m} =Pr{ Yiui' |[S=m;Y; Sei=m¢; Y}
=Pr{S=m;Y:;Sti=m¢ Y™ Y }/Pr{S=m;Yy; Sea=me; Y}

the equations follow from the basic probability theory and Markov property.



Thus
s(mGm)=Pr{Sa=me¢; Y} . Pr{S=m;Y|Sti=m¢ .Pr{ Yei |S=m}

= a¢1 (MY . g(mgm) . by(m) (4)
Now fort=1,2,....., t
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For t=0 we have the boundary conditions
ao(0) =1, and ap(m) =0, form?* O (6).
Similarly, for t=1,2,3,....,t-1

M-1

be(m)= & P{Se1=m;Y ;1S =m
m'=0
Mo 1
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& bra1(M) Grea(mm') (7)
m'=0



The appropriate boundary conditions are
b:(0) =1, and by(m) =0, for m?* 0. (8)
(5) and (7) show that a;(m) and b;(m) are recursively obtainable.

Now,

a(mem) = g Pr{§ =m|S_y =m}.Pr(X; =X |§.1=m,§ =mh.Pr{Y; | X}
X

= a pe(m|m).qe (X [m',m).R(Y; | X) 9)
X

where the summation in (9) is over all possible output symbols X.
Now the operation of the decoder for computing | ((m) and s{(m¢m).
1. ap(m) and b¢(m) , m=0,1,....,M-1 areinitialized according to (6) and (8).

2. As soon as Y, is received, the decoder computes g(mé¢m) using (9) and ay(m)
using (5). The obtained values for a¢(m) are stored for al t and m.

3. After the complete sequence Y ' is received the decoder recursively computes
b:(m) using (7). When the b(m) have been computed, they can be multiplied by
the appropriate a;(m) and g(m¢m) to obtain | ((m) and s{(m¢m) using (3) and
(4).

We can obtain the probability of any event that is a function of the states by
summing the appropriate | (m); likewise, the s{(m¢m) can be used to obtain the
probability of any event which isafunction of transitions.



Summary:

Calculation of a - “forward recursion”

Calculation of b - “ backward recursion”

Probability of input information — by summing | ((m)
Probability of coded information — by summing s(m¢m)

Application to Convolutional Codes

A binary ko/ny Convolutional encoder. The input to the encoder at time t is the
block Iy = (in™, in®, ....., in*0) and the corresponding output is X; = (xo™, Xy®,
() : )

The state of the encoder (contents of the register, n most recent input blocks)

S = (S(t)(l), St)(z), Ceaany S(t)(kOV)) = (It,lt-l,...., It-v+1)-

The encoder starts in state Sy= 0. Information sequence ;' is the input to the
encoder, followed by v blocks of all-zero inputs ,i.e., I+ =0,0,...,0 where t =
T+v, sothat S = 0.

The trangition probabilities p((mmd@ of the trellis are governed by the input
statistics. Generally we assume all input sequences equally likely for t £ T, and
since there are 2*° possible transitions out of each state , p(mjmd = 2™° for each of
these transitions.

For t > T, only one transition is possible out of each state, and this has probability
1.

The output X, is a deterministic function of the trandgition so that, there is a 0-1
probability distribution g(X|m¢m) over the alphabet of binary n-tuples. For the
time invariant codes qy(.|.) isindependent of t.

If the output sequence is sent over a memoryless channe (DMC, AWGN) or
where the output is conditionally independent of other outputs given the current
input (IS in AWGN) with transition probabilities r(.|.), the derived block transition
probabilities are



0 )
RYix) = Or(yD |x))
j=1
Where Y. = = (Y, yo@, ....., Y"0) is the block received by the receiver at time
t.

To minimize the symbol probability of error we must determine the most likely
input digitsi?’ from the received sequence Y".

Let AY bethe set of states S such that s¥ = 0. Note that A is not dependent on t.
Then we have

St(j) = it(j) . J=L2,....., Ko

whichimpliess  Pr{i?=0;Y}= &l{(m)

Normalizing by Pr{Y'} =1(0)

1 o
. (0 Aalt(m)

&1 A

We decode i =0if Pr{ i) =0|Y.'} 3 0.5, otherwisei;? =1.

Pr{i?=0|Y,}=

Another equivalent way would be to compute the log likelihood ratio (LLR)

. al(m)
Pr{ill) =0yt 7 a00) _
LLR=Log Tt =0MM}_, sl Am _ 3 0 then i =0.
Priill) =1v}) al(m)
sl At(J)C,m'



Sometimes, it is of interest to determine the APP of the encoder output digits, i.e.,
Pr{ x =0 |Y,'}.

Let B be the set of transitions S.;=m¢to S, = msuch that the jth output digit x,”
on that transition is 0. B¥ isindependent of t for time invariant codes. Then,

Pr{Xt(j)ZOJYlt}: ést_(m',m)
(m',m)i Bt(J)

Which can be normalized to give Pr{ x) =0Y,'}.

Therefore we can state the following.

“ We can obtain the probability of any event that is a function of the states, e.g.,
probability of input symbols, by summing the appropriate | (m); likewise , the
s{(m¢m) can be used to obtain the probability of any event which is a function of
transitions, e.g. probability of output symbols” .

Elements of Turbo (Iterative) Decoding

A. Analysis of Log Likelihood Ratio (LLR) of Systematic Convolutional Codes
(in AWGN, Rate (1/no) type)

Thetrangtion probability is given by

1

PVe? X0 ) =
V2ps

1 - -
ep{- =5 - x)%



aly(m
Pr{i, =0|Y! A,
. {it |1}_LO g1 A ,m

Now the LLR= Lo =Log——5——
Pr{i, =11V, } al¢(m)
StT Atc,ml
aly(m)
= Log al Ato’m’it :O.
al(m)
51 AC,m'ig =1
_ M-1
Usng | {(m)=a¢(m)b(m) and ai(m)= aa¢.1(m).g;(m'’,m)
m'=0
[o] Mo-l
a a ag.1(m”) gy (M, m).bg (m)
7 . _om"=0
LLR=Log TATA T
a a a¢.1(M)gg (h,m').by (M)

st AC,mi¢ = M=0
Since the encoder is systematic, i.e, iir=0b x = -1 for those transitions

no : :
RCY( X)) = poi® [ %@ =-1). O py [V, pr (mimg =1/2
j=2

Similarly fori;=1p x» = 1 and for them

no : :
R(Y:1X9) = poi® |x@ =1). Q p(y{? 151y, pr (mimg =1/2
j=2
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Therefore,

D | .
LLR = Log PVt (1)| 0 )
p(yy” I x™” =1
5 Mol () ()
a aag.g(m’). Op(yt‘ 1x17).by (m)
i i, =om'=0 =2
Log sl A .miy
5 Vol K) | o(K)
a aag.1(M). OIO(Yt | %:™). by (M)
51 Atc’m"it —1M=0 k=2

The second term is a function of the redundant information introduced by the
encoder. In general it has the same sign as x. This quantity represents the
“extrinsic” information supplied by the decoder and does not depend on the
decoder input x .

This property will be used for decoding “paralle concatenated codes — TURBO
codes’.

In the first equation since we consider states with i; = O in the numerator and the
states with i; = 1 respectively, we can rewrite it in the following was as well.

aag 1(m") g (m',m).b; (m)
(m",m) iy =0

aag. 1(M).g; (Mm).by (m')
(Mm) iy =1

LLR = Log

-11 -



p(y? X =-1

= Log
p(y [x =1)

. no : :
8 ar1m).0 pyt XM).by (m)

Log (MMt =0 =2
o ) K .
a ag1(Mm.Oplyy 7 Ix7).br(m)

(mm) iy =1 k=2

Thusthe extrinsic part can be represented by

aag 1(m")gee(m",m).b; (m)
(m",m) iy =0
a at. 1(M) gie(h,m’).b (M)
(Mm) i, =1

Log
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