Classical Detection and Estimation Ther oy

Reference: "Detection, Estimation and Modulation Theory" by H.L. Van Trees

Source . Probabilistic Observation
—— transition mechanism ’ Space
: : Decision
Source o/p is one of two choices rule
P Hypothesis Hy, H;
1® H; Decision
0® Hg

* Observation Space is finite dimensiondl, i.e., observations consist of a
set of N numbers and can be represented as point in an N-dimensional
Space.
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Simple Binary Hypothesis T ests
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P Usethisinfo. to develop a suitable decision rule.

Decision Criteria: Either Hg or Hy istrue.
One of the following can happen;

1. Hotrue: Choose Hy ® correct

2. Hp true: Choose Hy

3. Hjtrue: Choose H; ® correct

4. H, true: Choose Hg

Bayes Criterion

Based on

1) The source o/p'sarewith Py, P, apriori probabilities.

2) A cost is assigned to each possible course of action.Cqy, Cio, Ci1, Cor
where C; ; ® the hypothesistrue and i is hypothesis chosen.

Each time a certain cost isincurred.
Design b st. "ontheaverage' the cost will be as small as possible
decison rule

Thus, the expected value of the cost b Risk

R = CuPoPr(say Ho|Ho true)
+ CyoPoPr(say Hy|Ho true)
+ C]_]_Plpr(say H1|H1 true)
+ Co1P1Pr(say Ho|H1 true)

Because the decision rule must say either H; or Hy P rule for dividing
thetotal observation space Z into two parts Z, and Z;.

Source

pr|H0 (RlHO)




The Risk in terms of transition probabilities and decision region.
R = CyoPo c\) prHo (RlHo) dR
Zy
+C10Po () Prp, (RIHo) dR
Z
+CuPi ) Pr, (RIH)AR
4
+CoiP1 () Prpy, (RIH)AR
Zy

N dimensional space b Integralsare N fold.
Assumption : Cost of awrong decision is higher than the cost of a correct
decision.
P Ci>Co
Co1 > Cyy

We must choose regions Zp and Z; sit. risk P minimum

L=12yg+ 2,
Thus
R = PoCoo c\) pr Ho (RlHO) drR + POClO c\) pr Hg (RlHO) dR
Z, Z-Zq
+ P.Co1 c\) PriH, (RIHp)dR + P,.Cyy c\) PriH, (R[H)dR
Z, Z-Zq

(\) PrjH, (RIHo) dR = (\) Prn, (RIH)dR =1
z z

b R= POC10 + P1C11 + c\) [ {Pl(C01'C11) Pr H, (RlHl)}
Zy
- {Po(C10-Co0) Py, (RIHO)} ] dR

First twoterms P fixed cost.
Coi-C11>0; Cip-Cp>0 (assumptlon)

Thus: all values of R where the second term is larger than the first should
be included in Z, because they contribute a negative amount to the
integral.




Similarly, all values of R where the first term is larger than the second
should be excluded in Z, (assigned to Z;) because they contribute a
positive amount to the integral.

Thusif:
P1(Co1-C11) Py, (RIH1) * Po(Ci0-Coo) Py, (RIHo)

assgn RtoZ; b Hj true; otherwiseassign R to Zo b Hy true.

Prpp, (RIH1) M Py(Cro-Co)

PrH, (RIHo) H P1(Co1-C11)
0

[ |
V

"Likelihood ratio L (R)"
PriH, (RIH1)
PrH, (RIHo)
Because it is the ratio of two functions of a random variable, it is a

random variable. We see that regardless of the dimensionality of R, L (R)
Isaone-dimensional variable.

Po(C10-Coo)
P1(Co1-C11)

Thus Bayes Criterion leads usto a"likelihood ratio test".

L(R) @

Threshold h @

* All the data processing is involved in computing L(R) and is not
affected by a priori probabilities or cost assignments.

Because the natural logarithm is a monotonic function, and equivalent
testis
Ha

InL(R) 2 Inh
Ho
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Likelihood ratio processors

Example 1

N-observations

Under Hp: Ri=-1+n UnderH;: Ri=1+n;
R,=-1+n, R,=1+n,
Ry =-1+ ny Ry=1+ny

n - zero mean, datistically independent Gaussian noise samples of
variance s°.

N

PrH, (Ri [Hy)
P (RIH) _ Q Pr, R 1
P, (RIHo) B
Mo O by, (Ri [Hp)

L(R) =




1 & s 2
= Na Ri 2 3yInh=a
i=1
Ho
I

I(R) or | P function of the received data

* Sufficient statistics
When making a decision, knowing the value of the sufficient statistic is
just as good as knowing R.

* Several kinds of Bayes cost
P Cp=C1n=0;Cnn=Cyp=1

R=PR, b pr||_|0 (R[Ho) dR + Py c\) prHl (RH)dR
4 Zo
P Thisisthetotal probability of making an error.

Thus, for this cost assignment Bayes cost is minimizing the total
probability of error. Thetest isthen

H4
P.
L(R) 3 == P minimum error probability
< Po

Ho
If in addition Py=P; then

Hy
R [H

Pryp, (R 1 Hy) * 1P maximum likelihood tes.

PrH, (R 1Ho)

L(R) =

0

We denote the integralsin the Bayes test in the following manner.

Pr = C\) PrjH, (RIHo) dR
4
-false alarm : (We say the target is present when it isnot.)

From now onward, we'll use the notation p(X) instead of p«(X).

Po= () P(RIH) dR
Z
-Detection : (We say the target is present when it is.)
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PM = c\) pr|H1 (RlHl)dR =1- PD
Zy
-Miss: (We say thetarget is absent when it is present.)

Consider the earlier example

Hy
_'|_<'>\l 3 .2
testDNaRi < 5nInh =a
i=1
H
L —1"0

I
- Sum of N statistically independent Gaussian random variables.
P |isGaussan.

2

E[1|Ho] = -1; E[lI|H4] = 1, var[l|H]= var[l|H]= SW:Slz
Y-
J2ps %2 5
1 E(1+D%0
exp§- H
J2ps 252

\  Pe =Pr[H, chosen | Ho true] = Pr[I>a | Ho true]

¥

p(lH1)=

p(Ho)=

1 L & (1+12%0

= p- :dl

@Slaoaxé %7 o
aa +10

Qgslfz

| becase Q) = — gl X
7 F% 2
, )
1 & (y-m?0
c. d
N a(f»(lo8 ~ By
_ 1 expe: 2%, (Substituting >—— =2)
@(Y'?‘) 25
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Pvw = Pr[Ho chosen | H; true] = Pr[l<a | Hy true]
a
1

= Ap(l | Hy )dl
s, &
¥ 2
=1- p&- ~dl
@Slaoaxé %7 5
aa - 10
:1- —:
Qgsl 7}
Example 2

Ho: R ® N(O, s¢)
Hi: R ® N(O,s:%),s:1>5s0,i=1,2,...,N

IogLR'[ o
b =ar% 3 T

NaN <

Ho

* For peformance need to find doatistics of the sufficient

statisticg R% (Chi-squared random variable.)

Minimax Criterion - Useful when a priori probabilities are unknown.
- Use P, Py and Po.

P BayesRisk

R =PyCyip + PiCyy + Pi(Cp1-Ci1) Pu- Po(Ci0-Coo) (1-Pr)
ButPp+P,=1b Py=1-P,

R = Coo(1-Pr)+ CioPe+ Pi[(C11-Coo) + (Co1-Ci1) Pu- (C10-Coo) Pe]
= Rg(P)  (because P- and Py are functions of Py)

Now, if al costsand a priori probabilities are known, we can find a Bayes
test.



* Observe that as P; changes

the decision regions for Bayes
test change and therefore P: and
Co C11

Pw change.

>
0 P1:1 Pl
¥~ el

PM:PF:O

If we assume a P, say P, = P, and design Bayes test then,

_ _(A-PO)CiwCo) e
Threshold h = ( L isfixed.
Pl (C01'C11)

and Pr=Pr[L(R)>h |H]
Pv = Pr[L(R)<h | H,] arealso fixed since h isfixed.

If now Py isallowed to vary in the earlier equation R=(P,) isa straight line
which touch Rg(Py) at P, =P, .

A
TRy
N /RB(Pl)
|
0 f V\ 1 P,

P= Pl* Prrin-max

Thus R-(Py)® Rs(P.) because the Bayes test minimizes the Risk.

A Bayes test designed to minimize the maximum possiblerisk is called a
"minimax_test". Hence we choose R- to be the horizontal minimax
equation.

P (C11-Coo) + (Co1-C11)Pum - (C1-Coo)P== 0

Use Cy = Cy1 =0 (This guarantees maximum is interior.)

Let C01 = CM
Cio=Crtherikis,
Rs = CePr + Py(CuPu-CePr)
= PoCrPr + P1Cy Py



The minimax equation is

CM PM = CFPF

Neyman - Pearson Criterion
(tries to get around cost-specifications)

P Try to work with conditional probabilities Pp, Pri.e. make P as small
as possible, Py aslarge as possible.

P Constrain one, and maximize (minimize) the other.

Thus, constrain Pr=a'£ a
Design a test to maximize Pp (or_minimize Py) under this
constraint.
Solution to this by "Lagrange mutipliers'.
Congtruct function F;
F :P|v|+| (PF-aI)

o = C\) pP(R|H)AR + | [c‘) P(R|Ho) dR - a']
Z, z

F=1(1-a)+ [ p(RIH.) -1 p(RIHo) ] dR

Zy
F is minimized by assigning R T Z, whenever p(R|H1) -I p(R[Hg) < O.
Hi
1150, then L (R) = PRIHD) %
PRIH0)

To satisfy the constraint | sothat P-=a’'.

If thedensity of L ® p(L [Ho) then under Hy
¥

Pe=QpLMH)dL =a' (**)
I

Solving (**) for | gives the threshold. The value of | given by (**) will
be non-negative because p(L [Ho) is zero for negative values of | .

P decreasing | isequivalent toincreasing Z; b H;.
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Therefore we decrease| until we obtain the largest possible a'Ea.

p In most cases Pr is a continuous function of | and we have P- = a.
Under this assumption the Neyman-Pearson criterion leads to a likelihood
ratio test (LRT).

Sufficient Statistic

| - Sufficient statistic
R I
(Obsarvabied]] 77O |t - Indifferent statistic

tisindifferent if p(t|Hy, I) = p(t|Ho, I)
SincelL(l,t) = p(l,t1Hy) _ p(lIH)p(tIHy, 1)

p(,tIH.)  pll [Ho)p(tIH,,1)
_ p(I |H1)
p(I |H1)

P knowledge of only | allows one to distinguish between hypothesis,

eg
|) Hi:Ri=m+n; Ho: Ri=m
Ro=n, Ro=n,
Ny, Ny are statistically independent. R, — irrelevant statistics

Note i) If | is passed through an invertible operation b results in a
sufficient statistic.
i) (I, t) together are sufficient statistics through not minimal
sufficient statistics.

Perfor mance : Receiver Oper ating Char acteristic

Evaluating the perfromance of the LRT.
Neyman — Pearson test b Pr, Pp specify the performance.
Bayes Risk Rs follows from Pr, Pp.

P Concentrate on calculating P- and Pp.
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Hi:ri=m+n , =12, ...,N
Ho:ri=n; , i=1,2 ...,N
N M
pl=—t 4R 2 S jpp + XM
msizl Ho \/ﬁm
p(lHo)

Threshold : —>— Inh + YNM _Inh  d

-

| ~N(O, 1) under Ho.
JVNm

~ N(S—, 1) under H;.
Nm . ) .

d @—— isthe distance between the means of two densities.
S

Thus,
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Plot Pp versus Pr for various values of d with h asthe varying parameter.

h=0 ; Inh=-¥ p PF:PD:].(H]_)
h®@¥ ;  Pe=Ppo=0(Hy
I'U| T I T ._FH_F____L___._]-.—-—r— _FL_'__,__J-——'_
— - s,

0.8 4w / j,f :
_ / P d=1-0/ P Receiver

- P Operating
T ::a-/ / d4=0.5 P Characteristic
# ¥ s (ROC)
Po i
/
24 / Inc;és'ng h/fr :
e
.
/

ozé/ '

'
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Performance increases monotically with d. (As we would expect)

Special Case: Minimizing thetotal probability of error.

Pr(i ) @Py Pe + P, Py
Po=P =% (h=1)
Pr(l ) =% (P + Po)

1 & ngdx
= O =—XpPg- =
dvap 2%
2
a8l o
= Qt= <
82ﬂ
Bounds for Q(x) : For x >0
16 x2 ¢ 1 2 x20
= 8. 2 St Xt < el X3
pxe Xzﬂ 9 2p X 2 17}
® x20
Q@%<£ap-5—j ; x>0
2 2 p
Example 2
Unequal variances
H
N 1 2
I(R)=3 RZ 2 —%ﬁ%%thoo
i=1 H, Si-S0 S1 9
= g(s1>So)
Consider N=2
P==Pr (13 gHo) ry, I, Statistically independent var. s

= Pr (r”+15°3 giHo)

rn=zcosg andr,=zsngq

z=rf +r5 andq=tan™ (rJ/ry)
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P gy = o31a Oz Lol 2
0 O g 2 P 2+

0 g 0 50g
¥ ® 72 0
- ok zmeft 20
JgS 0 09
S oo L Gicapf 98
= 0, 005 5 dlmenl e
050 & Bip & B0p
_ ®& g O
Similarly, Pp=exp% -~
%75
10
sgls?
P, = (Pr)%0/51 (ROC)
S2
InPD:—glnPF
Si
Pe<1 b P - siolsy -
eg
s1¥sg?=2 P-=0.2 Pp = (0.2)Y2 = 0.447
siis?=4 P, = (0.2)* = 0.6687
Example 3

Poisson distribution of events : Our observation is just this number which
obeys a Poisson distribution on both hypothesis, i.e.,

Pr(nevents):(mi)n#, n=0,12,...
| =01
E[n] = m;
..n H,
am, 0
L(n)=g == exp[- (ml'mo)] 2 h
My g H
Hy  °
m 3
In— - Inh
nnmo (m,- mg) % In

15



Hi

3
n[iInm—Inmg] < Inh+(mg—myg)
Ho

If ml > mOs H]_
3 Inh+(m, - m,)
<
Inm, - Inm,
Ho

If my < my, Ho

2 Inh+(m - m,)
< Inm,- Inm,
Ha

n

Now consider the case m; > m,.

H
3 Inh +(m, - m,)

n
< Inm,- Inm,

=g  consider theinteger values

integer only
H;
b n 3< a ,2=012..
Ho
Now,
Po =Pr[n® gi|Hi] = 1- Pr[n < gu|H,]
g1 n_-m
:1-5@ ,gl:O’l’Z,___
n=0
Similarly,

Pe = Pr[n® qufHo] = 1- Pr[n < gy|H,]
gy-1 n_-mg
=1- é (mO) €
n=0 n!
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If P- to have an intermediate value between 1 and 1-e ™, say 1—% e M,

Pr Pr 1 1
LRTO LRT1 b E'PF * > Pr
LRTO LRT1
R l.(l-e' o)
2 2
=1 L em
2

Thereforethetest is

Ifn=0, say H; with probability %

say Ho with probability % :
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n3 1, say H;

Here we mix two LRT’sin same probabilistic manner
p randomized decision rule

1 1
Po==.P, +=.P
D 2 D 2 D

LRTO LRT1
=05.1+05(l-e™)
1

=1l-=.e™
2

Reason : Observed r.v'sarediscrete b L (R) isadiscreter.v.
Only certain values of P- possible.
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