S

jl|'r

0.8

06

0.4

0.2

In general

¥

ROC for randomized tests

Pe(h) = O P(L [Ho) dL
h

* Consists of
straight lines
which connect
discrete points

If Pe(h) is a continuous function of h, we can achieve a desired value
from O to 1 by a suitable choice of h and a randomized test will never be
needed.

Properties of ROC

1) All continuous LRT’ s have ROC' s that are concave downward. If they
were not, a randomized test would be better. This would contradict
proof that a LRT is optimum.

2) All the LRT’s have ROC's that are above the P, = Pr line. Special
caseof las(P-=0,Pb=0)and (P-=1, Pb =1) aeinadl ROC’s.

3) The dope of a curve in a ROC at a particular point is equal to the
value of the threshold h required to achieve the P, and P: of that
point.
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Proof
¥

Po= 0 p(L[Hy) dL
h

¥

Pr= O P(LHo) oL
h

dP, /dh _ - ph|H,) _ dR,
dP-/dh - ph|H,) dP:
To show that pIH,) =h
p(h | Ho)
_ _ p(h | Hl)
Let W) ={R|L(R)® h} =[ R|-7—-—12 h]
p(h | Ho)
Then
Po(h) = Pr{L(R)® h|H4}
= O P(R|Hy) dR
w(h)
= O L(R) p(RHy) dR
w(h)

Using the definition of W(h) = { R|L(R)? h},
¥

Po(h) = @ L p(L|Ho) dL
h

() _
o= -hp(hlHo QED

Property 4 : Whenever the maximum value of the Bayes Risk is interior
to the interval (0, 1) on the P; axis, the minimax operating point is the
intersection of theline.

(C11-Coo) + (Co1-Ca1) (1-Po) - (C10-Coo0) P =0
and the appropriate curve of ROC.

Special case CeP- = CyPy = Cy (1 - Pp)
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02k c
e, = 05
P L ] Eo_ L1
0 0.2 04 0.6 08 1.0
PF —

Using either a Bayes test or a Neyman-Pearson criterion, optimum test
iIs a LRT. Then, regardless of the dimensionality of the observation
space, the test consists of comparing a seatar variable L(R) to a
threshold. (P</h) cts))

M Hypothesis
M -ary Bayes Receiver

trangition

Source mechanism

Costs — Cj; — ncost of choosing H; when H; istrue.
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M -
é_ P,C;; Pr[choosing Hi|H; istrug]

P,C.j O P(R[H;) dR
- partition Z so that R is minimized.

Consider C;;=0, =]
Cij =C, ilj

These indicate that any error is of equal importance.
p minimizing the total probability of error.

PriAX] py (X)
PriA]
\ TheBayesrisk can be written as:

Aside p(X|A) =

Ny AN . P(R)Pr[H; IR]
R=a arc o f
j=0i=0 Z, ]
& 0
M1 M -
=C3a O a Pl IR pR)AR
=0z, &i=0 .
gili [}
L |
1-PrHi|R]
8@4, 1
R= C¢a (pR)dR- gd’r[H o |IR|p(R)AR + ...+ dDr[HM1|R]p(R)dR
=07 Zm-1
£
=1
SincePr[H;|R] 2 0, "R
PR)30 " R

To minimize Rassign R to region for which Pr[H;|R] is maximum.
p maximum a posteriori MAP ® receiver

If M hypothesis are equally likely

p=L " then
M

22
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1

X M

RIH;)Pr[H;
P(RIH)PH ] P independent of |

p(_R)

PHR] =

\ Compute p(R|H;) and choose hypothesis for which this is maximum.
j=0,1, ..., M-1

p Maximum likelihood-ML-Rece ver.

Example
M-ary ASK
Gaussian
_ n(t) zero mean
HO-O . 2
i variance s
| Hi=D
Source . >Q >
s R(t)
Phe1~(M-3) D =S(t) + n(t)
OEtET Take N samples during
period T at arate such that
v the noise samples are
0O D 2D (M-1)D statistically independent.
Pr[H.] = ﬁ " i, Cii = 0, Cij = 1, Ilj

R, = R(tl) =iD+ n(tl) Ry = R(tN) =iD+ n(tN)

Rz = R(tz) =iD + n(ty)

R = R(tj) =iD+ n(tj) 1=0,12 .., M-1
Receiver — Compute

P(Ry,Ry .- Ry [Hi)Pr[H|]

pP(R)
o p(Ry, Ry ..., RyH) fori=0,1, 2, ..., M-1 and choose largest

Pr[Hi|Ry, Ry, ..., Ry] or

23



p(Rl, Rz, . RNlH) = O \@S
Takeln
T& 1 ONP 1 é\l 2
=Inj - v-—=alR;-iD
| fg@Sﬂ?; 25’ ,:1( - 10)
ig\ﬁore
N
\" Compute § (R, - iDf? fori=0,1,2,...,M-1 and choose smallest
j=1
N
or compute § 2R;(iD)- N(iD)* fori=0,1,2, .., M-1and
j=1
choose largest
e1 § iDU .
orig—a R;- 0" choose largest.
eN j=1 Q

Hypothesis H; is accepted if when tested against Hi, (I =1,
againgt Hi (1=1, 2

2,...,1-1)and
., M-1-i) the expression islarges, i.e,

H; versus Hi Reject Hi
é1 N é1 N i - u
|e%aR -@u>(|-|)Al R,- ! 2I)D”
e’ a eV j=1 Q
b ifiéRj>a?-'—9D
N .
b TAR >F 1D rdectHy;l=12 ., i1]
Similarly for H; versus Hi;; we get
N .
ifié_Rj<a?+|—9D
N .
b AR <F+iD  rdectHu:l=12 . ML
N]]_ g 2,@
\ g? l9D<—3_R <§? %QD,izl,Z,...,M-Z accept H;
2}

=1
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: .18 D
|:0,thenacceptHo|f—a Ry <,

|—M1thenacceptHM1|f—aR >a?\/I119D
N]:]_ g 2,@

> 8- 3%

g 20

18
—a R; issufficient.
j=1
Statistic b knowledge of only this function of the observables allows one
to distinguish among hypotheses.

Receiver Perfor mance

14
z=—aR.
N,Ei‘l ‘
M 1 Mo 1
Prierror] = & Pr[error [H,]Pr[H] = - a Prlerror | H,]
i=0 i=0
£ 20
Pr[error[H;] = 1- Pr[correct|Hi] = 1 - (‘)p[zl Hi]dZ
19
D

N
o)

e]_ u
z— Gaussian E[zJH] = E& & (iD+n;)g=iD
gN j=1 0

var[z|H] = % % N= SW

= 822

6 | b | 2o (M2D | (M-1)D

25
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2(M-2) +2 = 2(M-1) areas

¥ .
\ Prerror] = Z(MM ) o) 1 e»ig

DIZ@SZ

@D 0

_2(M-1)

v %,
_2(M-1) a@mg
v %

DJVN

S

can beinterpreted as asignal to noise ratio.
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Estimation Theory

parameter estimation
parameter space. The output of the source is a parameter (or
variable).

Example r=a+n
¥Y—— ¥ <A<¥ or -VEAEV

The problem isto observe r and estimate a.

After observing R b estimate a= a(R).

Cases: 1) The parameter is arandom variable — probability density
2) parameter unknown but not a random variable.

1) Random Par ameters : Bayes Estimation

a, a(R) continuous variables.
Assign acost to al pairs[a, a(R).].

P &(R)@a(R)—abP C(a)
function of one variable

AC@) AC@)
Ai? A |
y A y A
Mean — square error Absolute error
AC(a)
1 Typical cost
function

A

Uniform cost function

27



Assume p,(A) is known.
R@E{ClaaR)]} = ¢dA ¢C[AAR)] p(AR)IR

¥ ¥

P R@JA A - AR)] p., (AR)R
-¥ ¥

* mean — square

Rrs @ (A (FR[A - AR)J p., (AR) (**)

Now,

Par(A, R) = pr(R) . p(AIR)
Thus,

Rns @ (91 p, (R) (fA[A - &R) p(AIR)
- non(-jve non(-)ve

= minimize Rys by minimizing the inner integral

d ¥\ " 2
@_Q’A[A' aR)’ p(AIR)
=- 2 A p(A|R)dA + 2(R) p(A|R)dA

=1

°0
¥
P anR)= GAPAIR)A
-¥

2
Since %(.) =2>0 Thisisaunigue minimum.
a

mean of the a posteriori density
- conditional mean

From (**) theinner integral isthe conditional variance for as(R).
Therefore, the minimum value of R,sisthe just the average of the
conditional variance over all observations R.

28



* absolute val ue
Rus = cle p(R) odA[\A aR)|p(AIR)

To mlnlmlzethe inner mtegral

aR)
I(R) = cplA[a(R) Alp(A|R)+ odA[A AR)]p(A|R)
aR)
aabs(R) ¥
P FAPAIR) = FAPA|R)
-¥ aghs(R)

Thisisthe definition of the “ median” of the a posteriori density.

* uniform cost

¥ é aunf(R)+D/2 u
Ru= (JRp(R)EL-  Op(A|R)dAG
-¥ 8 aunf(R)-D/2 8|

To minimize this equation we maximize the inner integral.

Consider D arhitrarily small but nonzero.

P(A[R)
A
M aximum
//\/\
5 » A

p for small D the best choice for a(R) isthe value of A at which thea
posteriori density has its maximum.

p amap(R) : the “ maximum a posteriori” estimate.

Need location of the maximum of p(A|R).

Thus a necessary but not a sufficient condition.

)l

b np(A| R)|s<ar) = 0— MAP Equation
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* |n each case we must check to seeif the solution is the absolute
maximum.
Now, p(AIR) = PRIA) : (A)
Pr(R)
In p(AIR) = In p(R|A) + In ps(A) - In Pr(R)

In Pr(R) is not afunction of A.

P I (A)=Inp(RJA) + In py(A)

v
probabilistic \aﬁ)riori knowledge
dependence of
RonA

Thus MAP Equation

ﬂ'(A)‘ _TIn D(RlA)‘ )
g |ATER) T A A=aRr) T

T“n pa (A)‘A a(R)

minimum mean square error (MM SE) :

maximum a posteriori (MAP) eslimates

1. The minimum mean-square error estimate (MMSE) is always the
mean of the a posteriori density (the conditional mean.)

2. MAP estimate isthe value of A at which the a posteriori density has
Its maximum.

3. Optimum estimate is the conditional mean whenever the a posteriori
density is a unimodal functional mean.

Many cases MM SE, MAP estimates equal.
Example
a+ n,i=12,.

\

each independent N(O, s\)




¥

. know
am(R) P p(AIR)? P ¢ P(AIR)dA =1
- ¥

Thus,
R|A) p, (A
oAR) = P(RIA) P (A)
P(R)
% 1 0 1 i éN > ol
T . ~ Ri - A P
— éizl Vzpsnb 2psa exp¥_ lglazhl( ) +A2%
p(R) i 28 s} S a Gi
f 8 Hp
After rearranging............cceeeeen....
b1 6 sz &R, o f
PAAIR) =k(R)expi - —— A - ———% ga Ny
T 25pe Sa+sn/N i=1 mb
1 2 2
Wheres§: 8812+ Nzg = s;sn 5 - aposteriori variance
ésa Snﬂ Nsa+sn

We see that p(A|R) isjust a Gaussian density
2 N ..
e EARS
s’ +sn/Ng|\I -1 0

2

Because the a posteriori variance is not afunction of R, Rys='s ;.

N
| (R) = § R, isasufficient statistic.
i=1

just like in the case of detection problem.

Because the density is Gaussian the maximum value of the p(A|R)
occurs at the conditional mean.
\' amap(R) = amg(R)

Because the conditional median of a Gaussian density occurs at the

conditional mean,
éabs(R) = émS(R)

p In this particular case all three cost function lead to the same
estimate.
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Thisinvariance to the choice of a cost function is a useful feature
as the decision about C(g; ) is often subjective.

* Real (Non Random) Par ameter Estimation

A — unknown but not random
pP(RJA) given.

consider a Modified Bayes procedure — MSE criterion.
¥
RA) @ daR) - Al p(R]A)IR
-¥
P am(R)=A minimizing R(A)

Since A is unknown, this resultsis not useful.
Thus, consider

¥
E[a(R)] = A(R) p(R|A)IR
- ¥
the expected value of the estimate

If E[a(R)] =A estimate “ unbiased”
= A + B whereB isnot afunction of A — known bias

=A +B(A) - unknown bias

A second measure of quality of the estimateis

var [3(R)-A] = E{[a(R)-A]*} — B(A)

Consider
a(R) = arg max p(R|A)
A — likdihood function
p Maximum likdihood estimate
émI(R)'
MLE equation
fin p(R[A)

TA ‘Azéml(R) =0
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ML says nothing about a priori information; similar to map(MAP) if in

MAP p(A) = k.
Example
y=X+n —» zeromeanr.v.
P X(y)=y
—A+nJ—12 N
é (R,- A)’U
RIA) = expg ~—
p(RIA) = O\/— p€ 25 2 3
N .
in p(RIA) _ zaeié R, - A2
TA S, &Nz 2
18
P ém R)=—aR,
I( ) Nlaz-l i
Tofind bias
1) 1 ¥
Elam(R)] = A ER) = ja A=A
i=1

S0 am(R) is unblased
Var[amI(R) A] |\T

N

CRAMER — RAQ BOUND

To consider the variance of any estimate a(R).
Thus,

a) If 2(R) isany unbiased estimate of A. Then

21 gfln p(R|A)u 1—‘0

R)-A]3 ¢
var[a (R) - A] 8ETg 7A H%B
or equivalenly
é121n p(R|A)uO
b) va[a(R)-A]3 é Ee A2 LJ—

where

0 TIn p(RIA) 1°In p(R|A)
7A ’ 7A?

exist and absolutely integrable.

Any estimate that satisfies the bound with an equality is called an
“efficient” estimate.
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P Note: If ML estimateis unbiased.
P Itisefficient.

Composite Hypothesis

Decision
Source /\ /
Mo CI) I\I/Il R
Perameter space Observation space
Source
_—~—" [ Observation
space
Parameter space c Decision rule
Decision
Example
1 & R?0
Ho : p(R|Ho) = exps- — =
0 - P(R[Ho) \/55 pg 2525
1 e (R- M)zl]
H; : p(RHy, M) = expg —0, MgEM £M
1p(|1)\/58 pé ZSng 1
composite dueto this
M=0P Hg

Assume p(R|I\£) isknown for all valuesof M in c.

parameter g ---r.v. P p(q|Ho), p(q|Hy)

oP(Rlg,H;) p(aH,)dq

L(R)@lo(RIHl) _c
PRIHo)  op(RIg.Hy) p(alH)dg




* known probability density on q
Assume p(M|H,) =

! exp M 9
s, é 25
Thus

Integrating and taking In

Hi

X 2s%(s?+s?)e 1 & g2
P R 2 5 dnh +§In91+ —70
Ho S S ad

g ar.v with unknown density ?7?

minimax approach
or  try several densities based on partial knowledge of that is
available.

Hopefully test eventually will be insensitive to lack of exact knowledge
in p.d.f.

g - hon random variable
As g has no probability density to average
p Neyman — Pearson Tests

perfect measurement bound.

Consder Hj;: p(RM)

[~ X é- us

Ho : p(R[Ho) =

1 2.0
ex G —
Vs g 275
M — unknown non random parameter
test can never be better than a hypothetical test where receiver

knows M perfectly and then design the optimum LRT.

ROC of any test ca be found by the ROC of this*“ perfect
measurement test.”
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I | 1 I

099
0,948

Power function
for a perfect
measurement
test.

Hy = H; for
M=0
PD:PF

Power fFﬂ.l —

01

) V/

o

| — ] | L
0

J‘f|ll:f —

curves represent a bound on how well any test could do.

The best performance if actual test curves equal the bound " MT c.
Such tests
p “Uniformly most powerful” UMP.

For agiven P-aUMPtest hasa Py 3 to any other test for " M1 c.
First construct perfect measurement bound.
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Power | Pp

LRT A
B
C

tests designed under
the assumption
M=1,M=2
M=-2

Power r.:'-"pj —_—

In each, P, equals
the bound at design
points.

= -2 0 +2 +4
Mig —s

For other values of M, the power of tests (Pp’s) may or may not
equal the bound.

| I i
099
{194

Ut

Performance of LRT
assuming (+)ve M.
(correct curves)
for (-)ve values of
M; Po < Pe

s

04

03

al

107




It isclear that in general the bound can be reached for any
particular g P design LRT for that g. A UMP test must be as good
asany other test " .

Property : A UMP test exists if and only if the LRT for every gi ¢ can be
completely defined (including threshold) without knowledge of q.

Now in the example considered

H, test assume M>0
LRT b R 2d
Ho
b= n L oo RO im0
= exp¢- — dRif M>
F 99@5 pé 252_
Similarly for M<0
Ho
LRT b R 29
H1
9 R® 0dR if M<O
exp§- — ZdRif M<
c)\/_s pg p
A p(RHo) P(RIHY) RH,) 4 P(RIHo)
' X p;(/l ) X
>
d g M "R Mo 0 R
M>0 M<0

M3 0P UMPtest exists. (Mg 3 0)
MEOP UMPtest exists. (M1 £ 0)
If Mg<0O,M;>0

p UMP test does not exist.
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Cases where UM P test does not exist

p perfect measurement bound suggests
* estimate q assuming H; istrue then
estimate q assuming Hy istrue

p “ Generalized likdihood ratio test”
maxp(R|q,) Ha

—_ N
0 mee®Ia)

where g; ranges over all q in H;
go rangesover al g in Hy

I.e. make a ML estimate of assuming H; true
evaluate p(RIgy) for q; =q,
Similarly for p(R|qo) for go = q,

Example
Consider

e R - wf

P(RIM, Hy) = O\/— eXpé T2

S -|-|- 1o

- Composite Hypothesisg=M

~

M,= —a R, - ML estimate

N .2
1 ge RY 0
:1\/55 8 5

- asimple hypothesis.
P L4(R) P Pg Po— Power function.

Usually UMP or GLRT will give satisfactory results.
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** Comment on multiple parameter estimation

p Mogt of the ideas can be extended from the single parameter case
p Estimate more than one parameter

Read 2.4.3Van Trees

The General Gaussian Problem

p Cases where conditional density of R isGaussian.

Definition: A set of random variablesn, 1, ..., Iy are defined asjointly Gaussian
if al their linear combinations aréGaussian random variables.

Definition: A vector r isa Gaussan random vector when its components g, I,

..., Iy arejointly Gaussan variables.

N
b Ifz=qgr @G'r
i=1
isaGaussian random variablefor al finite G, thenr isaGaussian vector.

P E[r] =m
cov[r] = E[(r -m) (r"-m")] @

If L isnonsingular

= & LS e LRT. mT L YR m)
p(R) g(Zp) 2|L | zg exp8 2(R m )L (R m)H

Definition: A hypothesis testing problem is called a GeneralGaussian if p(R|H;)
IsaGaussan dendity on all hypotheses.

~

Similarly, estimation problemp p(R|A) Gaussan density” A
P Genera Gaussan case.



é1 U gE(rllH)u émy; 0

u u

€2 gE(r2|H) ez g
r=€ U,ErH]=¢ u@é u@m

é é u é&

X e ue

&ntl &y IH)E 8

The covariance matrix is

§1K11 1K 1Kyge 1Ky U

é U

elK21 1Ko 1Koz 1Koy U

K1 @E[(r —my) (- my")|Hy] = &. U
e U

under H é ' ' u

! &K\ 1Knn H

If Q@K1 P QiK;=KiQ; =1

, -1 ‘ N
Thus, pRIF) = §20)"20K 28 el Z(RT- mTJou(R- my)
Similarly,
PRI = §20)" 21K o] 2 exp»—( - miJRo(R - o)
The LRT
\Ko‘yz expg- ;(RT - mlT)Ql(R - ml)liJ Hy

b LR)= = H 2 h
\Kl‘yz expé— 2(RT - mE)QO(R- mo)ﬁ Ho

Taking logarithmp

SR mBQoR - mg)- RT - mI fuR - my)
H,

2 Inh+%InK4|-%In Ko @J

Ho

L.H.S difference of quadratic forms.



Specid Cases

1. Equal Covariance Matrices

Ki=Ko@K_, ~ m' mg
Q=K™'® symmetric

The above smplifiesto

Hi

(mlT - mgbR 2 Inh+1(m1TQm1 - mngo) @g.
Ho 2
Lt DM=m;—mg
Hy
b IR)@DmM'QR 2 g,
or Ho
Hy
I(R)@R'QDm 2 g
Ho

Scalar Gaussianr.v U alinear transformation byGaussianr.v.s.

Thus, performance can be completdy characterized by

2
o @[E(I | I_\ll{ljlz(l |EI—(|I l)HO)] <—— Normalizing
0

Thus
E(I|H.) = Dm'Qm,
E(I|Ho) = Dm'Qmq

var(I|Ho) = E{[Dm'Q(R-mg)] [(R-mo") QDm]}
=Dm'QDm  (because E{(R-mo)(R-mp") } =K =Q™)

Therefore

d*= Dn'QDm



1,

s 2

d = DmTiZI Dm:iz
S S

1 1
Y Pm[" = ) [(Mys — rrbl)2 + (M — rrb2)2 +...]
S S

IfK =s?Ip Q=

Dm'l Dm
I(R) = iz Dm'R
S

The sufficient statistic is just the dot (scalar) product betweenR and
the mean difference vector Dm.

Equal mean vectors

m; = my @m °© 0 without loss of generality

DQ =Qo—Q1
H.
I((R) @QRDQR 2 ¢
Ho

R",DQR P I(R) isnot aGaussianr.v.



Orthogonal Representation of Random Pr ocesses

First, consider deterministic problem.

Review : Orthogonal representation of signals and white noise.

v

x(t) — [0, T] E, = (5 x2()dt < ¥

To specify x(t) by a countable set of numbers

¥
P x(@)=a xf;)
i=1
\ some set of orthogonal functions

Questions :

1) Only finite number N practical, how should we choose the coefficients to
minimize the mean-square approximation error?

2) N- eror ® 0; when ?

v A
N G =X - & X0
i=1
. N 2
E(N) @Q) eh(t)t = § &x(t) - & xif (g ot
v é i=1 G

minimize" N

N \

Differentiatew.r.t particular x P 2¢y &(t) - & Xt (O -  O)ekt
e i=1 a

b %= Q) X(OF (Dt

2" derivative (+) ve b minimum

The choice of coefficient does not change as N is increased because of
orthogonality of functions.

NoT Ty N
E(N) = Ex-2a @ x(Oxf;(Ddt+ g a a xix;f i(Of (Ot
:,;l:l i=1i=1
=E- a x?

1
[



xi?3 0, the error isamonotonic — decreasing function of N.

If lim E,(N)=0
N® ¥

" X(t) with finiteenergy b f(t) = 1, 2, ... area“ Complete orthonormal —
(CON) set” over theinterval [0, T], for the class of functions with finite
energy.

¥
For CON setsE, = § x?
i=1
- “Parseval’stheorem” —x;° represents the energy in a particular
componetn of the signal.

Generation of x;'s® 1) integrate and dumps — correlation

2) Matched Filtered
hi(t) =fi(T-t)

Random Process Characterization

¥
my(t) = E(X;) = C)¥Xt p(X,)dx,; - Mean Value

Correation
+¥
Ry(t, U) = OOt Xy P(X¢ X )dxdx,,
- ¥
Co-variance
Kx(t, u) = B{ [X — mx(t)] [xu — mk(u)]}
= Ry(t, u) - my(t) my(u)
Kx(t, u) = Ky(u, t) — symmetry.

f(t) — determinigtic function with finite energy;

x = Q) f (et b rv.

E[x] = QT m, () f ()t
var(x) = E[(x- X1)7]
= E{ §[x() - m,®] f Ot [x(w) - m, (W] @)l
R

= 0Of (K (t,u) f (u)dtdu
0
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var(xp) 2 0
T
p 0Of (DK «(t,u) f (u)dtdu 2 O
0
If theinequality strict b K,(t, u) (+) ve definite.

Now, for a scalar random process x(t).
Choose a CON set of deterministic functions

N
x(t)= & x;f(t), OEtET
ol
NI®¥
lim

X @QT X(OF ; (Ot

Here consider mean-square convergence;

N
)= lim A xf.(t), OEtET
X(t) lim a x; i(t)

i=1
& ) 65U
limitinthemean P lim E&x, - g x;f ()= U=0, OEtET

Find f(t) that leadsto “uncorrelated” coefficients

P If E(xj) =m; want
E[(Xi - m)( X —my)] =1 id;

Assumem; =0

E(Xi) =0, E(Xi Xj) =0, Ilj
E(x?) =1

* Expected value of energy x;i2along fi(t) b ;30 " |
If Ky(t, u) (+) vedefinitel i>0," i, otherwiseat least onel;=0.

E(x%) = Eg(‘g X i ()t Q) X(U)f j(u)olug
idi = § Fidt K (L UF j(Wdu " i

P (\BTKx(t’“)fj(U)dUﬂifj(t)  OEtET

fi(t) —eigen functions| ; — eigen values.
- Homogeneous Integral Equation (HIE)
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The series expansion devel oped
p “Karhunen — Loeve" expansion
provides 2™ moment characterization of uncorrelated random variables.

Properties:

1) ? at least onef (t) and real number | 1 O that satisfy HIE.

2) Can always normalize f(t).

3) f1(t), fo() ® | b Cyif 1(t) + Cof o(t) P |

Hl,tly, <fp,fn>=0

5) For any |, thereisat most afinite number of I.i. eigen functions. L.i. in
algebraic sense.
These can always be orthonormalized.
P Gram — Schmidt Procedure

¥
6) Ku(t,u)= Q| fi(®f;(u), OFLUET
i=1
- Mercers Theorem

7) If K(t, u) (+) vedefinite
the elgen functions form a CON.
8) If not (+) vedefinitei.e. (+) ve semi-definite
P aong somedirectionsenergy =0

To get a CON set need to augment with f(t) corresponding to zero eigen
values.

S R B _3 _
9) Ef QX (t)dt%—g Kx(t,t)dt—iaz_ll,

Example
Let the random process be white noise. Then K, (t, u) = s’d(t-u)
Integral equation I

v

s 2(‘aTd(t - u)f (u)du = s? (1)

p Any CON set satisfiesthe integral equation and has the property that

¥
a ff () =d(t-u)
i=1
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Example Winer Process — (To model Brownian Motion)

s2u, Uftt
K(t, u) = s?min(u, t)-}f
1szt tEu

x©0)=0  Ex®)]=

exp(;_ X_

1
Jops?t & 25ty
fts>t,>t

b (xy, - xq, ). (xq, - Xy, ) are statistically independent.

EX()] =st  p(x) =

r * process defined for t 3 0.

Theintegral equation
() = QT K, (G Uuf (Wdu OFtET

= s?Quf (Udu + 57 t@;f (U)du

Differentiate w.r.t timet
1f () =s2tf(h) +32¢)Tf(u)du-sztf(t)

- szfgf(u)du

2
1f @ =-s2f®)p f )+ S—f(t) =0

| >0 Test solution ® f () = A, cosg—t +B smge
e e

2

Substitute back into the integral equation

5272
Choose B, to normalizethe solution A, =0, | , =

\fn(t)_\fsmg }épt”
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Detection in White Gaussian Noise

T T

Hi: R(t) =s(t) + W(t) ; OEt £T

Review *(a) Simple Binary Problem

H; : R(t) = VE so(t) + w(t) "[O£t£T
Ho : R(t) = w(t) ; @T s%(t)dt -1

w(t) P No/2 watts/Hz psdf

K-L expansion
fa(t) = solt)

i orthonormal
i
7to sp(t)

R = (‘aTR(t)f i (t)dt=VE d; + w; under H;

= W; under HO

Ri’s are statistical independent.
R; for i > 1 arethe same for both hypothesis.

R; isasufficient statistic

The optimum test is
Hi

R; 2 threshold=g
Ho

Receiver (Demodulator)

T So(t)

Correation Recalver
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Hi
R®) | h(t) = so(T-t), OELET ¥ Threshold | > ¢
=0 elsewhere R, | Device Ho
Matched Filter
Performance p(RulHo) A p(RiHY
Pr=qt 9 2
F= H
g'\/ NO / Zﬂ
2&JE- g0
PD:1-QQ\/—/E79j i ~ i >
= [E(Ry [H1)- E(Ry|Ho)l?
S RyH, S R,H, Ho «— | — H:
¢
_2E__E Threshold
No Ng/2

Performance only depends on +/E , independent of signal shape -
reason is because the noise is white.

(b) General Binary Detection Problem

Hy : R(t) = \/E; si(t) + w(t),
Ho : R(t) = \/Eq olt) + w(t)

OEtET

@T s2(t)dt =1

One solution — consider R’ (t) = R(t) - /Eq So(t)
P Hi:R(t)=(/Epsu(t) - VEg solt) ) +w(t)

Ho: R (t) = w(t)

Thus optimum solution

W()® Ny/2

@ o
JEosot)  VEq sit) ++/Eg solt)
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2" Solution
N
Letp= Q Sp(t)sy(t)dt

CON set — so that sy(t), si(t) are orthogonal to f 5(t), f 4(t), ...

Let f 1(t) = So(t), fz(t) = Sl(t)- pSO(t)

\1- p2

Gram — Schmidt Procedure

Project R(t) onto fi(t) — Ry, Ry, R, ...
R, for i 3 3 areindifferent.
Have a 2-D problem — sufficient statistics

LR T B s
e o JELsi(t) -+/Eo Solt)
JEo So(t)
>
Raf 1(t)

After smplification test:

H.
§ ROVESO- JEosolt 2 “Cinh+ =150
Ho

Special case
Cij=1-d; P Minimum Error Probability
PriHo] = Pr[Hi]

p decision boundary is line bisector
Eo=E; P bisector goesthrough origin

Hi
QT R(t)s(dt 2 QT R(t)so(t)dt
Ho

51




b “Largest of Receiver
: Can change coordinates — orthonormal functions; so that only onef (t)
isneeded. P check early notes.

p One dimensional case, | Gaussian.

o = N2 [, +Eq - 2p/EoEs)

0

M — ary detection in WGN

Hy : R(t) = \/E; si(t) + w(b), Of t£T
H @ R(t) = JE, Si(t) + W(t) QT s2(t)dt =1

Qs Ms; Ot =r;

i—IM s R(t) = JEp su(t) + w(t)
w(t)® No/2
Let gi(t), g2(1), ..., 9.(t) be such that

a) linearly independent
b) span {gu(t), Qa(t), ..., GL(t)} = span{sy(t), sx(b), -.., sm(H)}

Note:LEM
Example
S4(t) SQ(t) i g2(t)
sat) au(t)
b
ss(t)

gi(t) are not necessarily orthogonal.

LetR = (‘aTR(t)gi Odt ;i=12, ... L
R=(Ry, Ry, oty R) oo, *)

Clam R isasufficient statistic.
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Proof: Let f 1(t), f2(t), ... bea CON set. So that

span{f(t), f (1), ..., TL(D} = span{gu(t), Ga(t), ..., QL(t)}

(Gram- Schmidt procedure)

¥ N
R® = & gQT SOLCLL Y CR— (**)
i=1

Sufficient statistic isthe first L of the coefficients.

Fori=1,2 .. L

L T &
fitt) = & byg;(t) P § ROT; (Nat = & byR;
i=1 i=1

I.e, thefirst L coefficients of the expansion of R(t) in (**) arelinear
combination of the L coefficients R; in (*).

P R1, Ry, ..., R of (*) are sufficient statistics. QED

Let (‘aTgi (g, (M)t =n;

Hi:R=,E s+w
Sig U
Si2
e u T
s=& u .  5=@qs Og;Od
é
¢ u
&iLH
,‘T AN
g w(t)gl(t)dtg
- U Ry U
W, Y e w(bg,(Ddtg R, Y
ngu & 20 ngu
W = é L'j:é l,J’ R:é l,J
¢ 0 ¢ a & ¢
¢ U g a & ¢
awf g‘ W(t)gL(t)dtH &RLH
é a
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E[wiw;] = (‘a w(t)g, (t)dtQ w(t)g. (t)dt%
T

= oog. (g (t) d(t t)ditdt

No |
= 70 o (g, ()t

p Ri1, Ry, ... arecorrelated in general.
Now consider orthonormal expression.

Fa(t), F2(t), ..., (1) P span{sy(t), (1), .., sm(t)}

Gram — Schmidt Procedure

f1(t) = su(t)

fa(t) = (1- I3122)2 [S2(t) — Pr2Sa(t)]
f3(t) = 3 [Sa(t) — Caf 1(t) — Cof o(1)]

normalize
C1, C; — orthogonally

Now, R = QT RO, (et

N =
(@ Y any ey any ey ey an

H:R=\JE s+w, R=

(%> M D> D (D56D> %

—

si= g s OF ; (et

w
I

> (D> D> D (‘Den(‘D
e

®
Ez

E[ww;] = @ w(t)f | (t)dtQ w(t)f . (t)dtg = N2 d;



N
E[WinT = 70|

Likelihood Ratio Test |, j

Lij(R):HpR|Hi
P\R|H;

é }U-l i e
gZp)L/Z'\IZOIZH exp}_- (R-s,)Tgé\IOIQ
é H ) e (7]
(i® )
oo & - (en)
— i 0 k=1 b
L .
eXpi' é(Rk'\/ETSjk)Z;
| 0 k=1 b
L
InL.J(R):Nigé)1 R - JEjSJk) - & R - JES.k)Zﬂ
0 &=1 k=1 ]
1
= o 8RBl - R By

After smplification

2 &5 & v
= -éa ( kSJk) a JE; (Rksik)g
NO k=1 k=1 O
1 e <I>_ 2 c|>' 2
+N_éEj a sik - Ej a sik

0ée k=1 k=1

| | |
=1 =1

=g s(oct

— OC\C

5 T
a RiSik =@ R(D)s; (et
k=1

L
sinces(t) = & sy f  (t) and QT RO (Ot = R,

k=1
Therefore
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InL(R) = N_ZOS\/EQT R(O)S; 0t - (€] G RO, (g + (EJN—E)

0

Consider MAP rule (min Pr[error])

T recal
Let P = Pr[H]
\ Compute Pr[Hi|R] = PRI Hi)PH;] , i=1,2, ..., M
p(R)
Choose largest

or choose largest of In p(R|H;) + In B

1 é& 2
p Choose largest of In P, - N—éa (Rk - \/EiSik)
0 &=1

(e N exY e’

Throw away § R2

p Choose largest of In P, +

2JE 1 E;
§ ROS; (k- -

No 0

T +
— % l (‘a Odt |—p( ) »
B JE1
R(t) No Largest
—>
T +
Q Odt |—»
= JE
2 Em S|\/|(t) In PM - m
Ng No
Do not need to Basis: Add how probable asignal isand
find an subtractsenergy b if asignal hasalot of
orthonormal energy then we should have a

Basis.
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