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ROC for randomized tests

In general

PF(η) = ∫
∞

η
p(Λ|H0) dΛ

If PF(η) is a continuous function of η, we can achieve a desired value
from 0 to 1 by a suitable choice of η and a randomized test will never be
needed.

Properties of ROC
1) All continuous LRT’s have ROC’s that are concave downward. If they

were not, a randomized test would be better. This would contradict
proof that a LRT is optimum.

2) All the LRT’s have ROC’s that are above the PD = PF line. Special
case of 1 as (PF = 0, PD = 0) and (PF = 1, PD = 1) are in all ROC’s.

3) The slope of a curve in a ROC at a particular point is equal to the
value of the threshold η required to achieve the PD and PF of that
point.

* Consists of
straight lines
which connect
discrete points
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Proof

PD = ∫
∞

η
p(Λ|H1) dΛ

PF = ∫
∞

η
p(Λ|H0) dΛ

⇒
η
η

ddP
ddP

F

D

/
/

 = 
( )
( )0

1

H
H

|p
|p

η
η

−
−

 = 
F

D

dP
dP

To show that 
( )
( )0

1

H
H

|p
|p

η
η

 = η

Let Ω (η) = { R| Λ(R)≥ η} = [ R|
( )
( )0

1

H
H

|p
|p

η
η ≥ η]

Then
PD(η) = Pr{Λ(R)≥ η|H1}

= 
( )
∫

Ω η
p(R|H1) dR

= 
( )
∫

Ω η
Λ(R) p(R|H1) dR

Using the definition of Ω (η) = { R| Λ(R)≥ η},

PD(η) = ∫
∞

η
Λ p(Λ|H0) dΛ

⇒ ( )
η
η

d
dPD = -η p(η|H0) QED

Property 4 : Whenever the maximum value of the Bayes Risk is interior
to the interval (0, 1) on the P1 axis, the minimax operating point is the
intersection of the line.

(C11-C00) + (C01-C11) (1-PD) - (C10-C00) PF = 0

and the appropriate curve of ROC.

Special case CFPF = CMPM = CM (1 – PD)
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• Using either a Bayes test or a Neyman-Pearson criterion, optimum test
is a LRT. Then, regardless of the dimensionality of the observation
space, the test consists of comparing a seatar variable Λ(R) to a
threshold. (PF/η)  cts.)

M Hypothesis
M-ary Bayes Receiver

Costs – Cij – ncost of choosing Hi when Hj is true.

Source

Probabilistic
transition

mechanism

H0(P0)

H1(P1)
.
.
HM-1(PM-1)

p(R|H0)

p(R|H1)
.
.
p(R|HM-1)

Z0

Z0

Z1

.

.

.



22

 R = ∑ ∑
−

=

−

=

1M

0j

1M

0i
ijjCP Pr[choosing Hi|Hj is true]

    = ∑ ∑
−

=

−

=

1M

0j

1M

0i
ijjCP ∫

iZ

 p(R|Hj) dR

- partition Z so that R is minimized.

Consider Cij = 0, i=j
Cij = C , i≠j

These indicate that any error is of equal importance.
⇒  minimizing the total probability of error.

Aside p(x|A) = 
Pr[A]

(x)Pr[A|x] xp

∴  The Bayes risk can be written as :

R = ∑ ∑
−

=

−

=

1M

0j

1M

0i
ijjCP ∫

iZ

 
j

j

P

]|)Pr[H( RRp
dR

    =C ∑
−

=

1M

0j
∫

iZ

[ ]


















∑
−

≠
=

1M

ij
0j

jHPr R|  p(R)dR

    1 – Pr[Hi|R]

 R =  C [ ] [ ]



























++−∑ ∫∫∫

−

= −
−

1M

0j 1MZ
1M

0Z
0

iZ

)d(HPr)d(HPr)d( RRRRRRRR p|...p|p

 = 1

Since Pr[Hi|R] ≥ 0 , ∀  R
P(R) ≥ 0 , ∀  R

To minimize R assign R to region for which Pr[Hi|R] is maximum.
⇒ maximum a posteriori MAP →  receiver

If M hypothesis are equally likely

Pj = 
M
1 ∀ , then
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Pr[Hj|R] = 
)(

])Pr[HH( jj

R
R

p
|p

⇒  independent of j

∴  Compute p(R|Hj) and choose hypothesis for which this is maximum.
j=0, 1, … , M-1

⇒  Maximum likelihood-ML-Receiver.

Example
M-ary ASK

0≤t≤T Take N samples during
period T at a rate such that
the noise samples are
statistically independent.

Pr[Hi] = 
M
1  ∀ i, Cii = 0, Cij = 1, i≠j

R1 = R(t1) = i∆ + n(t1) RN = R(tN) = i∆ + n(tN)
R2 = R(t2) = i∆ + n(t2)
.
.
Rj = R(tj) = i∆ + n(tj) i = 0, 1, 2, ..., M-1

Receiver – Compute

Pr[Hi|R1, R2, ..., RN] or 
)(

])Pr[HHRR(R iiN11

Rp
|,...,,p

or p(R1, R2, ..., RN|Hi)  for i = 0, 1, 2, ..., M-1 and choose largest

M
1

Source

H0=0

H1=∆
.
.
HM-1=(M-1) ∆

n(t)
Gaussian
zero mean
variance σ2

R(t)
=s(t) + n(t)

0      ∆     2∆                    (M-1)∆
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p(R1, R2, ..., RN|Hi) = ( )∏
=

∆−−N

1j

2ijRe
2
1

σπ

Take ln

=















 N

2
1

σπ
ln - 22

1
σ

( )∑
=

∆−
N

1j

2
j iR

ignore

∴  Compute ( )∑
=

∆−
N

1j

2
j iR  for i = 0, 1, 2, ..., M-1 and choose smallest

or compute ( ) ( )∑
=

∆−∆
N

1j

2
j iNiR2  for i = 0, 1, 2, ..., M-1 and

choose largest

or 






 ∆−∑
=

N

1j
j 2

iR
N
1i , ∀  i choose largest.

Hypothesis Hi is accepted if when tested against Hi-l (l = 1, 2, ..., i-1) and
against Hi+l (l = 1, 2, ..., M-1-i) the expression is largest, i.e.,

Hi versus Hi-l








 ∆−∑
=

N

1j
j 2

iR
N
1i  > 







 ∆−−− ∑
=

N

1j
j 2

)(iR
N
1)(i ll

⇒  if ∑
=

N

1j
jR

N
1 > ∆





 −

2
i l

⇒  ∑
=

N

1j
jR

N
1  > ∆





 −

2
1i reject Hi-l ; l = 1, 2, ..., i-1, i

Similarly for Hi versus Hi+l we get

if ∑
=

N

1j
jR

N
1 < ∆





 +

2
i l

⇒  ∑
=

N

1j
jR

N
1  < ∆





 +

2
1i reject Hi+l ; l = 1, 2, ..., M-1-i

∴  If ∆




 −

2
1i  < ∑

=

N

1j
jR

N
1  < ∆





 +

2
1i , i = 1, 2, ..., M-2 accept Hi

Reject Hi-l
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i = 0, then accept H0 if ∑
=

N

1j
jR

N
1  < 

2
∆ ,

i = M-1, then accept HM-1 if ∑
=

N

1j
jR

N
1  > ∆





 −−

2
11M

> ∆




 −

2
3M

∑
=

N

1j
jR

N
1  is sufficient.

Statistic ⇒  knowledge of only this function of the observables allows one
to distinguish among hypotheses.

Receiver Performance

z = ∑
=

N

1j
jR

N
1

Pr[error] = [ ]∑
−

=

1M

0i
ii ]Pr[HHerrorPr |  = [ ]∑

−

=

1M

0i
iHerrorPr

M
1 |

Pr[error|Hi] = 1- Pr[correct|Hi] = 1 - [ ]∫
∆





 +

∆




 −

2
1i

2
1

i

i dzHz |p

z – Gaussian E[z|Hi] = E ( )







+∆∑

=

N

1j
jni

N
1

 = i∆

var[z|Hi] = 2N
1  . σ2. N = 

N

2σ  = σz
2

0          ∆         2∆     (M-2)∆       (M-1)∆   z

. . . . . . .
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2(M-2) +2 = 2(M-1) areas

∴ Pr[error] = ∫
∞

∆

−−
2

2

z

z

dze
2

1
M

1)2(M 2
z

2

/

σ

σπ

    = 



 ∆−

z2
Q

M
1)2(M

σ

    = 



∆−

σ2
N

Q
M

1)2(M

σ
N∆

 can be interpreted as a signal to noise ratio.
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Estimation Theory

• parameter estimation
• parameter space. The output of the source is a parameter (or

variable).

Example r = a + n
-∞  < A < ∞   or  –v ≤ A ≤ v

The problem is to observe r and estimate a.

After observing R ⇒  estimate a = â (R).

Cases : 1) The parameter is a random variable – probability density
2) parameter unknown but not a random variable.

1) Random Parameters : Bayes Estimation

a, â (R) continuous variables.
Assign a cost to all pairs [a, â (R).].

⇒  a∈(R) ≅ â (R) – a ⇒  C(a∈)
    function of one variable

C(a∈)

A∈
2

A∈

Mean – square error

C(a∈)

|A∈ |

A∈

Absolute error

C(a∈)

∆

A∈

Uniform cost function

1 Typical cost
function
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Assume pa(A) is known.

R ≅ E [ ]{ })(aaC Rˆ,  = [ ] RRR )d(A,)(aACdA pˆ,∫∫
∞

∞−

∞

∞−

⇒  R ≅ [ ] RRR r )d(A,)(aACdA a ,pˆ∫∫
∞

∞−

∞

∞−
−

* mean – square

Rms ≅ [ ] )(A,)(aAddA a
2 RRR r,pˆ∫∫

∞

∞−

∞

∞−
− (**)

Now,
pa,r(A, R) = pr(R) . p(A|R)

Thus,

Rms ≅ [ ] )(A)(aAdA)(dA 2 RRRr |pˆp ∫∫
∞

∞−

∞

∞−
−

non(-)ve non(-)ve

⇒  minimize Rms by minimizing the inner integral

[ ] )(A)(aAdA
ad

d 2 RR |pˆ
ˆ ∫

∞

∞−
−

= ∫∫
∞

∞−

∞

∞−
+− )dA(A)(a2)dA(AA2 RRR |pˆ|p

   = 1
≡ 0

⇒      â ms(R) = )dA(AA R|p∫
∞

∞−

Since 2

2

ad
d
ˆ

(.) = 2 > 0 This is a unique minimum.

mean of the a posteriori density
- conditional mean

From (**) the inner integral is the conditional variance for â ms(R).
Therefore, the minimum value of Rms is the just the average of the
conditional variance over all observations R.
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* absolute value

Rabs = [ ] )(A)(aAdA)(d RRRR |pˆp ∫∫
∞

∞−

∞

∞−
−

To minimize the inner integral

I(R) = [ ] [ ] )(A)(aAdA)(AA)(adA
)(a

)(a

RRRR
R

R

|pˆ|pˆ
ˆ

ˆ

∫∫
∞

∞−
−+−

2

2

ad
d
ˆ

(.) = 0

⇒  )(AdA)(AdA
)(absa

)(absa

RR
R

R

|p|p
ˆ

ˆ

∫∫
∞

∞−
=

This is the definition of the “median” of the a posteriori density.

* uniform cost

Runf = 











− ∫∫

∆+

∆−

∞

∞−

2)(unfa

2)(unfa

)dA(A1)(d
/ˆ

/ˆ

|pp
R

R

RRR

To minimize this equation we maximize the inner integral.

Consider ∆ arbitrarily small but nonzero.

⇒  for small ∆ the best choice for â (R) is the value of A at which the a
posteriori density has its maximum.

⇒  â map(R) : the “maximum a posteriori” estimate.

Need location of the maximum of p(A|R).
Thus a necessary but not a sufficient condition.

⇒  )(aA)(A
A RR ˆ|pln =∂
∂ = 0 – MAP Equation

∆

Maximum

A

p(A|R)
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* In each case we must check to see if the solution is the absolute
maximum.

Now, p(A|R) = 
)Pr(

(A)A)( a

R
R p|p

ln p(A|R) = ln p(R|A) + ln pa(A) - ln Pr(R)

ln Pr(R) is not a function of A.

⇒  l (A) = ln p(R|A) + ln pa(A)

     probabilistic a priori knowledge
     dependence of
     R on A

Thus MAP Equation

)(aA
a

)(aA)(aA A
(A)

A
A)(

A
(A)

RRR
R

ˆˆˆ
pln|plnl

=== ∂
∂+

∂
∂=

∂
∂ = 0

• minimum mean square error (MMSE)
• maximum a posteriori (MAP)

1. The minimum mean-square error estimate (MMSE) is always the
mean of the a posteriori density (the conditional mean.)

2. MAP estimate is the value of A at which the a posteriori density has
its maximum.

3. Optimum estimate is the conditional mean whenever the a posteriori
density is a unimodal functional mean.

Many cases MMSE, MAP estimates equal.

Example

ri = a + ni , i = 1, 2, ..., N

      N(0, σa) each independent N(0, σn)

p(R|A) = 
( )∏

=







 −−
N

1i
2
n

2
i

n 2
AR

2
1

σσπ
exp

pa(A) = 



− 2

a

2

a 2
A

2
1

σσπ
exp

estimates
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â ms(R) ⇒  p(A|R) ?   ⇒  ∫
∞

∞−
 p(A|R)dA = 1

Thus,

p(A|R) = 
)(

(A)A)( a

R
R

p
p|p

  = 
)(

2
1

2
1

a

N

1i n

Rp

.
σπσπ 



∏

=
( )





































+
−

−
∑
=

2
a

2

2
n

N

1i

2
i A

AR

2
1

σσ
exp

After rearranging.........................

p(A|R) =k(R)


























+
−− ∑

=

2N

1i

i
2
n

2
a

2
a

2
p N

R
N

A
2

1
/

exp
σσ

σ
σ

where 2
pσ = 

1

2
n

2
a

N1
−





 +

σσ
=

2
n

2
a

2
n

2
a

N σσ
σσ
+

- a posteriori variance

We see that p(A|R) is just a Gaussian density

⇒  â ms(R) = 





+ ∑
=

N

1i
i2

n
2
a

2
a R

N
1

N/σσ
σ

Because the a posteriori variance is not a function of R, Rms = 2
pσ .

• l (R) = ∑
=

N

1i
iR is a sufficient statistic.

just like in the case of detection problem.

• Because the density is Gaussian the maximum value of the p(A|R)
occurs at the conditional mean.
∴  â map(R) = â ms(R)

• Because the conditional median of a Gaussian density occurs at the
conditional mean,
â abs(R) = â ms(R)

⇒  In this particular case all three cost function lead to the same
estimate.

know
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• This invariance to the choice of a cost function is a useful feature
as the decision about C(a∈) is often subjective.

* Real (Non Random) Parameter Estimation

          A – unknown but not random
p(R|A) given.

consider a Modified Bayes procedure – MSE criterion.

R(A) ≅ [ ] RRR A)d(A)(a 2 |pˆ∫
∞

∞−
−

⇒ â ms(R) = A minimizing R (A)
Since A is unknown, this results is not useful.
Thus, consider

E[ â (R)] = RRR A)d()(a |p∫̂
∞

∞−
the expected value of the estimate

If E[ â (R)] = A estimate “unbiased”
           = A + B where B is not a function of A – known bias

          = A + B(A) - unknown bias

A second measure of quality of the estimate is

var [ â (R)-A] = E{[ â (R)-A]2} – B2(A)

Consider
â (R) = arg max p(R|A)

    A                           likelihood function

⇒  Maximum likelihood estimate
â ml(R).

MLE equation

)(mlaAA
A)(

R
R

ˆ
|pln

=∂
∂ = 0
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ML says nothing about a priori information; similar to map(MAP) if in
MAP p(A) = k.
Example

y = x + n zero mean r.v.
⇒  x̂ (y) = y

• ri = A + ni, i = 1, 2, ..., N

p(R|A) = 
( )∏

=







 −−
N

1i
2
n

2
i

n 2
AR

2
1

σσπ
exp

A
A)(

∂
∂ |pln R  = 



 −∑

=
AR

N
1N N

1i
i2

nσ

⇒ â ml(R) = ∑
=

N

1i
iR

N
1

To find bias

E[ â ml(R)] = ∑
=

N

1i
i)E(R

N
1  = ∑

=

N

1i
A

N
1 = A

so â ml(R) is unbiased.

var[ â ml(R) - A] = 
N

2
nσ

CRAMER – RAO BOUND
To consider the variance of any estimate â (R).
Thus,
a) If â (R) is any unbiased estimate of A. Then

var[ â  (R) - A] ≥ 
12

A
A)(E

−



























∂
∂ |pln R

or equivalenly

b) var[ â (R) - A] ≥ 
1

2

2

A
A)(E

−















∂
∂− |pln R

where

c)
A

A)(
∂

∂ |pln R , 2

2

A
A)(

∂
∂ |pln R  exist and absolutely integrable.

• Any estimate that satisfies the bound with an equality is called an
“efficient” estimate.
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⇒ Note : If ML estimate is unbiased.
⇒  It is efficient.

Composite Hypothesis

Example

H0 : p(R|H0) = 









− 2

2

2
R

2
1

σσπ
exp

H1 : p(R|H1, M) =
( )











 −− 2

2

2
MR

2
1

σσπ
exp , M0 ≤ M ≤ M1

composite due to this

M = 0 ⇒  H0

Assume p(R|M) is known for all values of M in χ.

parameter      θ  --- r.v. ⇒  p(θ|H0), p(θ|H1)

Λ(R) ≅ 
)|H(
)|H(

0

1

R
R

p
p

 = 
∫
∫

χ

χ

θθθ

θθθ

)d|H()H|(

)d|H()H|(

00

11

p,p

p,p

R

R

M0     0           M1

Source

Parameter space χ

                R

Decision

Observation space

H1

    H0

θ

Observation
space

Decision rule

Decision

Parameter space χ

Source
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* known probability density on θ.

Assume p(M|H1) = 



− 2

m

2

m 2
M

2
1

σσπ
exp

Thus

Λ(R) = 

( )







−












−







 −−∫
∞

∞−

2

2

2

2

m
2

2

2
R

2
1

dM
2
M

2
1

2
MR

2
1

m

σσπ

σσπσσπ

exp

exp.exp

Integrating and taking  ln

⇒  R2 





















++

+
2

2
m

2
m

2
m

22

1
2
1)(2

σ
ση

σ
σσσ

lnln

• θ a r.v with unknown density ??
minimax approach

or try several densities based on partial knowledge of  that is
available.
Hopefully test eventually will be insensitive to lack of exact knowledge
in p.d.f.

• θ - non random variable
As θ has no probability density to average
⇒  Neyman – Pearson Tests

θ = M
• perfect measurement bound.

Consider H1 : p(R|M) =
( )











 −− 2

2

2
MR

2
1

σσπ
exp , M0 ≤ M ≤ M1

H0 : p(R|H0) = 









− 2

2

2
R

2
1

σσπ
exp

M – unknown non random parameter

• test can never be better than a hypothetical test where receiver
knows  M perfectly and then design the optimum LRT.

• ROC of any test ca be found by the ROC of this “perfect
measurement test.”

H1

><
H0
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• curves represent a bound on how well any test could do.
• The best performance if actual test curves equal the bound ∀  M∈χ.

Such tests
⇒  “Uniformly most powerful” UMP.

• For a given PF a UMP test has a PD ≥ to any other test for ∀  M∈χ.
• First construct perfect measurement bound.

Power function
for a perfect
measurement
test.

H0 = H1 for
M = 0
PD = PF
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• For other values of M, the power of tests (PD’s) may or may not
equal the bound.

• LRT A
          B
           C

tests designed under
the assumption
M = 1, M = 2
M = -2

In each, PD equals
the bound at design
points.

Performance of LRT
assuming (+)ve M.
(correct curves)
• for (-)ve values of

M; PD < PF
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• It is clear that in general the bound can be reached for any
particular θ ⇒  design LRT for that θ. A UMP test must be as good
as any other test ∀ θ.

Property : A UMP test exists if and only if the LRT for every θ∈χ can be
completely defined (including threshold) without knowledge of θ.

Now in the example considered

LRT ⇒ R γ+

PF = ∫
∞

+ 









−

γ
σσπ 2

2

2
R

2
1 exp  dR if M>0

Similarly for M<0

LRT ⇒ R γ-

PF = ∫
−

∞−










−

γ

σσπ 2

2

2
R

2
1 exp dR if M<0

M>0 M<0

• M ≥ 0 ⇒  UMP test exists. (M0 ≥ 0)
• M ≤ 0 ⇒  UMP test exists. (M1 ≤ 0)
• If M0 < 0, M1 > 0

⇒ UMP test does not exist.

H1

><
H0

test assume M>0

H0

><
H1

test assume M>0

0   γ+    M        R M   γ-          0        R

p(R|H0) p(R|H1) p(R|H1) p(R|H0)
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Cases where UMP test does not exist

⇒  perfect measurement bound suggests
* estimate θ assuming H1 is true then

estimate θ assuming H0 is true

⇒  “Generalized likelihood ratio test”

Λg(R) = 
)(

)(

0
0

1
1

θ

θ

θ

θ

|pmax

|pmax

R

R
      γ

where θ1 ranges over all θ in H1

θ0 ranges over all θ in H0

i.e. make a ML estimate of  assuming H1 true
evaluate  p(R|θ1) for θ1 = 1θ̂
Similarly for p(R|θ0) for θ0 = 0θ̂

Example
Consider

p(R|M, H1) =
( )

∏
= 












 −
−

N

1i
2

2
i

2

MR

2
1

σσπ
exp

- Composite Hypothesis θ = M

1M̂ = ∑
=

N

1i
iR

N
1  - ML estimate

p(R|M, H0) =∏
= 










−

N

1i
2

2
i

2

R

2
1

σσπ
exp

- a simple hypothesis.

⇒  Λg(R) ⇒  PF, PD – Power function.

Usually UMP or GLRT will give satisfactory results.

H1

><
H0
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** Comment on multiple parameter estimation

⇒  Most of the ideas can be extended from the single parameter case
⇒  Estimate more than one parameter

Read 2.4.3 Van Trees

The General Gaussian Problem

⇒  Cases where conditional density of R is Gaussian.

Definition : A set of random variables r1, r2, ..., rN are defined as jointly Gaussian
if all their linear combinations are Gaussian random variables.

Definition : A vector r is a Gaussian random vector when its components r1, r2,
..., rN are jointly Gaussian variables.

⇒ If z = ∑
=

N

1i
iirg  ≅  GT r

is a Gaussian random variable for all finite GT, then r is a Gaussian vector.

⇒  E[r] = m

cov[r] =  E[(r - m) (rT- mT)]  ≅ Λ

If  Λ is nonsingular

p(R) = ( )
1

2
1

2
N

2
−





 Λπ exp ( ) ( )



 −Λ−− − mRmR 1TT

2
1

Definition : A hypothesis testing problem is called a General Gaussian if p(R|Hi)
is a Gaussian density on all hypotheses.

Similarly, estimation problem ⇒  p(R|A) Gaussian density ∀  A
⇒  General Gaussian case.
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r = 























N

2

1

r

r
r

.

. , E[r|H1] = 

( )
( )

( )





















1N

12

11

HrE

HrE
HrE

|
.
.

|
|

 ≅ 























N1

12

11

m

m
m

.

.  ≅ m1

The covariance matrix is

K1 ≅ E[(r – m1) (rT- m1
T)|H1] = 























NN11N1

N21231221211

N11131121111

KK

KKKK
KKKK

...

...
...
...

If Q1 ≅ K1
-1 ⇒  Q1K1 = K1Q1 = I

Thus, p(R|H1) = ( )
1

2
1

12
N

2
−





 Kπ exp ( ) ( )



 −−− 11

TT
1

2
1

mRQmR

Similarly,

p(R|H0) = ( )
1

2
1

02
N

2
−





 Kπ exp ( ) ( )



 −−− 00

TT
0

2
1

mRQmR

The LRT

⇒ Λ(R) = 
( ) ( )

( ) ( )



 −−−





 −−−

00
TT2

1
1

11
T
1

T2
1

0

0
2
1
2
1

mRQmRK

mRQmRK

exp

exp
    η

Taking logarithm ⇒

( ) )(
2
1

)()(
2
1

11
T
1

T
00

T
0

T mRQmRmRQmR −−−−−

ln η + ½ ln |K1| - ½ ln |K0| ≅ γ*

L.H.S difference of quadratic forms.

H1

><
H0

H1

><
H0

under H1
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Special Cases

1.        Equal Covariance Matrices

K1 = K0 ≅ K  m1 ≠ m0

Q = K-1 →  symmetric

The above simplifies to

( ) RQmm T
0

T
1 − ln η + ( )0

T
01

T
12

1
QmmQmm −   ≅ ,

*γ

Let  ∆m = m1 – m0

⇒  l(R) ≅ ∆mTQR ,
*γ

    or

    l(R) ≅ RTQ∆m ,
*γ

Scalar Gaussian r.v  ⇐  a linear transformation by Gaussian r.v.s.

Thus, performance can be completely characterized by

d2 ≅ 
( ) ( )[ ]

( )0

2
01

H
HEHE

|lvar
|l|l −

Normalizing

Thus
E(l|H1) = ∆mTQm1

E(l|H0) = ∆mTQm0

var(l|H0) = E{[∆mTQ(R-m0)] [(R-m0
T) Q∆m]}

     = ∆mTQ∆m (because E{(R-m0)(R-m0
 T) } = K = Q-1)

Therefore

d2 =  ∆mTQ∆m

H1

><
H0

H1

><
H0

H1

><
H0
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If K = σ2 I ⇒  Q = 
2

1

σ
I

d2 =  ∆mT
2

1

σ
I ∆m = 

2
1

σ
∆mTI ∆m

    =
2

1

σ
|∆m|T = 

2
1

σ
[(m11 – m01)2 + (m12 – m02)2 + … ]

l(R) = 
2

1

σ
∆mTR

The sufficient statistic is just the dot (scalar) product between R and
the mean difference vector ∆m.

• Equal mean vectors

m1 = m0 ≅ m ≡ 0 without loss of generality

 ∆Q = Q0 – Q1

l(R) ≅ R∆QR     γ

R⊥  , ∆QR ⇒  l(R) is not a Gaussian r.v.

H1
><
H0
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Orthogonal Representation of Random Processes

First, consider deterministic problem.

• Review : Orthogonal representation of signals and white noise.

x(t) – [0, T] Ex = ∫T

0
2(t)dtx   < ∞

To specify x(t) by a countable set of numbers

⇒  x(t) = ∑
∞

=1i
ii (t)x φ

some set of orthogonal functions

Questions :

1) Only finite number N practical, how should we choose the coefficients to
minimize the mean-square approximation error?

2) N ↑ error →  0; when ?

*) CN(t) = x(t) - ∑
=

N

1i
ii (t)x φ

      Ee(N) ≅ ∫T

0
2
N(t)dte  = ∫ ∑ 






 −

=

T

0

2N

1i
ii dt(t)xx(t) φ

      minimize ∀  N

      Differentiate w.r.t particular xj ⇒  2∫ ∑ −





 −

=

T

0 j

N

1i
ii (t))dt((t)xx(t) φφ

       ⇒  xj = ∫T

0 j(t)dtx(t)φ
       2nd derivative (+) ve ⇒  minimum

The choice of coefficient does not change as N is increased because of
orthogonality of functions.

Ee(N) = Ex -2∑ ∫
=

N

1i

T

0 ii (t)dtx(t)x φ + ∫ ∑ ∑
= =

T

0

N

1i
j

N

1i
iji (t)dt(t)xx φφ

= Ex - ∑
=

N

1i

2
ix
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xi
2 ≥ 0, the error is a monotonic – decreasing function of N.

If (N)Ee
N ∞→
lim = 0

∀  x(t) with finite energy ⇒  φi(t) = 1, 2, ... are a “Complete orthonormal –
(CON) set” over the interval [0, T], for the class of functions with finite
energy.

• For CON sets Ex = ∑
∞

=1i

2
ix

- “Parseval’s theorem” – xi
2 represents the energy in a particular

componetn of the signal.

Generation of xi’s →  1) integrate and dumps – correlation
2) Matched Filtered
     hi(τ) = φi(T-τ)

• Random Process Characterization

mx(t) = E(xt) = ttt dx)(xx∫∞
∞−

p  - Mean Value

Correlation

Rx(t, u) = ∫∫
+ ∞

∞−
ututut dx)dxx(xxx ,p

Co-variance

Kx(t, u) = E{[xt – mx(t)] [xu – mx(u)]}
= Rx(t, u) - mx(t) mx(u)

Kx(t, u) = Kx(u, t) – symmetry.

f(t) – deterministic function with finite energy;

xf = ∫T

0
(t)dtx(t) f  ⇒  r.v.

E[xf] = ∫T

0 x (t)dt(t)m f

var(xf) = E[(xf - fx )2]

 = E{ [ ] [ ]∫∫ −− T

0 x
T

0 x (u)du(u)mx(u)(t)dt(t)mx(t) ff

 = ∫∫
T

0
x (u)dtduu)(t(t)K f,f
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var(xf) ≥ 0

⇒ ∫∫
T

0
x (u)dtduu)(t(t)K f,f  ≥ 0

If the inequality strict ⇒  Kx(t, u) (+) ve definite.

Now, for a scalar random process x(t).
Choose a CON set of deterministic functions

x(t) = ∑
∞→

=
φ

N

N
1i

ii (t)x

lim

, 0≤t≤T

xi ≅ ∫ φT

0 i(t)dtx(t)

Here consider mean-square convergence;

x(t) = 
∞→N

lim ∑
=

N

1i
ii (t)x φ , 0≤t≤T

limit in the mean ⇒  
∞→N

lim















 − ∑

=

2N

1i
iit (t)xxE φ = 0, 0≤t≤T

Find φi(t) that leads to “uncorrelated” coefficients

⇒  If E(xi) = mi want
E[(xi - mi)( xj – mj)] = λiδij

Assume mi = 0

E(xi) = 0, E(xi xj) = 0, i≠j
E(xi

2) = λi

* Expected value of energy xi
2 along φi(t) ⇒  λi ≥0  ∀  i

If Kx(t, u) (+) ve definite λi>0 , ∀  i, otherwise at least one λi = 0.

E(xixj) = E 



 φφ ∫∫ T

0 j
T
0 i (u)dux(u)(t)dtx(t)

λiδij = ∫∫ φφ T

0 jx
T

0 i (u)duu)(tK(t)dt ,  ∀  i,j

⇒ ∫ φT

0 jx (u)duu)(tK , = λiφj(t) , 0≤t≤T

φi(t) – eigen functions λi – eigen values.
- Homogeneous Integral Equation (HIE)
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The series expansion developed
⇒  “Karhunen – Loeve“ expansion

provides 2nd moment characterization of uncorrelated random variables.

Properties :
1) ?  at least one φ(t) and real number λ ≠ 0 that satisfy HIE.
2) Can always normalize φi(t).
3) φ1(t), φ2(t) →  λ ⇒  C1φ1(t) + C2φ2(t) ⇒  λ
4) λn ≠λm  < φn, φm > = 0
5) For any λ, there is at most a finite number of l.i. eigen functions. l.i. in

algebraic sense.
These can always be orthonormalized.
⇒ Gram – Schmidt Procedure

6) Kx(t, u) = ∑
∞

=
φφλ

1i
iii (u)(t) , 0≤t,u≤T

- Mercers Theorem

7) If Kx(t, u) (+) ve definite
the eigen functions form a CON.

8) If not (+) ve definite i.e. (+) ve semi-definite
⇒ along some directions energy = 0

To get a CON set need to augment with φi(t) corresponding to zero eigen
values.

9) ∑∫∫
∞

=
λ==







1i
i

T

0 x
T

0
2 t)dt(tK(t)dtxE ,

Example
Let the random process be white noise. Then Kx(t, u) = σ2δ(t-u)
Integral equation   λ

 ( ) ( )∫ φ−δσ T

0
2 duuut  = σ2φ(t)

⇒ Any CON set satisfies the integral equation and has the property that

∑
∞

=
φφ

1i
ji (u)(t) =δ(t-u)
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Example  Winer Process – (To model Brownian Motion)

Kx(t, u) = σ2min(u,t) = 






≤σ
≤σ
utt

tuu
2

2

,

,

x(0) = 0 E[x(t)] = 0

E[x2(t)] = σ2t p(xt) = 










σ
−

πσ t2

x

t2

1
2

2
t

2
exp

If t3 > t2 > t1
⇒ ( )

23 tt xx − , ( )
12 tt xx −  are statistically independent.

       ?? * process defined for t ≥ 0.

The integral equation

λφ(t)  =  ∫ φT

0 x (u)duu)(tK , , 0≤t≤T

= σ2∫ φt

0
(u)duu  + σ2 t∫ φT

t
(u)du

Differentiate w.r.t time t

λφ&  (t)  = σ2
 t φ(t)  + σ2∫ φT

t
(u)du -σ2

 t φ(t)

  = σ2∫ φT

t
(u)du

λφ&&  (t)  = -σ2
 φ(t) ⇒  φ&&  (t) + ( )t

2
φ

λ
σ

 = 0

λ > 0 Test solution →  φλ (t) = An cos 






λ
σ

t  + Bn sin 






λ
σ

t

Substitute back into the integral equation

Choose Bn to normalize the solution An = 0, λn = ( ) 22

22

2
1n

T

π−

σ
, n = 1, 2,

∴  φn(t) = ( ) 



 π−

T
t

2
1n

T
2

sin
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Detection in White Gaussian Noise

Hi : R(t) = si(t) + W(t) ; 0≤ t ≤T

• Review *(a) Simple Binary Problem

H1 : R(t) = E s0(t) + w(t)
H0 : R(t) =  w(t)

w(t) ⇒  N0/2 watts/Hz psdf

K-L expansion
φ1(t) = s0(t)

.

.

.

Ri = ( ) ( )∫ φT

0 i dtttR = E δij + wi under H1

= wi under H0

• Ri’s are statistical independent.
Ri for i > 1 are the same for both hypothesis.

⇒ R1 is a sufficient statistic
⇒ The optimum test is

R1    threshold = γ

Receiver (Demodulator)

Correlation Receiver







=

≤≤

∫ 1dt(t)s

Tt0
T
0

2
0





(t)sto
lorthonorma

0

<
H0

H1

>

∫T

0
()dt Threshold

Comparison

s0(t)

R(t) R1 <
H0

H1

> γ
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Performance

PF  = 








 γ
2N

Q
0 /

PD = 1 - 








 γ−
2N

E
Q

0 /

d2  = 
( ) ( )[ ]

0111 HRHR

2
0111 HREHRE

|| .
||

σσ
−

     = 
2N

E
N

E2

00 /
=

• Performance only depends on E , independent of signal shape  -
reason is because the noise is white.

(b)  General Binary Detection Problem

H1 : R(t) = 1E s1(t) + w(t), 0≤ t ≤T w(t)→ N0/2

H0 : R(t) = 0E s0(t) + w(t) 1dt(t)s
T

0
2
1 =∫

One solution – consider R’(t) = R(t) - 0E s0(t)

⇒ H1 : R’(t) = ( 1E s1(t) - 0E s0(t) ) + w(t)
H0 : R’(t) =  w(t)

Thus optimum solution

h(τ) = s0(T-τ), 0≤τ≤T
        = 0  elsewhere

Threshold
Device

t=T

R1

R(t)

Matched Filter

<
H0

H1

> γ

∫T

0
()dt Threshold

1E s1(t) + 0E s0(t)

R(t) +

-

0E s0(t)

0                 E         R1

p(R1|H0) p(R1|H1)

γ
H1H0

Threshold
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2nd Solution

Let p = ∫T

0 10 (t)dt(t)ss

CON set – so that s0(t), s1(t) are orthogonal to φ3(t), φ4(t), ...

Let φ1(t) = s0(t), φ2(t) = 
( ) ( )

2
01

1

tsts

p

p

−
−

Gram – Schmidt Procedure

Project R(t) onto φi(t) – R1, R2, R3, ....
Ri for i ≥ 3 are indifferent.
Have a 2-D problem – sufficient statistics

After simplification test:

( )( )∫ −T

0 0011 dt(t)sE(t)sEtR
2

EE
2

N 010 −+ηln

Special case
Cij = 1 - δij ⇒   Minimum Error Probability
Pr[H0] = Pr[H1]

⇒ decision boundary is line bisector
E0 = E1 ⇒ bisector goes through origin

φ2(t)R2

1E s1(t) - 0E s0(t)
1E s1(t)

0E s0(t)

R1φ1(t)

<
H0

H1

>( )∫T

0 1(t)dtstR ( )∫T

0 0(t)dtstR

<
H0

H1

>
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⇒ “Largest of” Receiver
• Can change coordinates – orthonormal functions; so that only one φ(t)

is needed. ⇒  check early notes.

⇒ One dimensional case, l Gaussian.

d2 = ( )1001
0

EE2EE
N
2

p−+

• M – ary detection in WGN

H1 : R(t) = 1E s1(t) + w(t), 0≤ t ≤T

H2 : R(t) = 2E s2(t) + w(t) 1dt(t)s
T

0
2
i =∫

. ij
T

ji dt(t)(t)ss ρ=∫0
.
HM : R(t) = ME sM(t) + w(t)

w(t)→ N0/2

Let g1(t), g2(t), ..., gL(t) be such that
a) linearly independent
b) span {g1(t), g2(t), ..., gL(t)} = span{s1(t), s2(t), ..., sM(t)}

Note : L ≤ M

Example

gi(t) are not necessarily orthogonal.

Let Ri =  dt(t)R(t)g
T

0 i∫  ; i = 1, 2, ..., L

      R = (R1, R2, ..., RL)T .....................(*)

Claim R is a sufficient statistic.

s2(t)

s1(t)

s3(t)

s4(t)
g2(t)

g1(t)





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Proof: Let φ1(t), φ2(t), ... be a CON set. So that

span{φ1(t), φ2(t), ..., φL(t)} = span{g1(t), g2(t), ..., gL(t)}

(Gram- Schmidt procedure)

R(t) = (t)dt(t)R(t) i
1i

T

0 i φ



 φ∑ ∫

∞

=
.............................................(**)

Sufficient statistic is the first L of the coefficients.

For i = 1, 2, ..., L

φi(t) = ( )∑
=

β
L

1i
jij tg  ⇒ dt(t)R(t)

T

0 i∫ φ  = ∑
=

β
L

1i
jijR

i.e, the first L coefficients of the expansion of R(t) in (**) are linear
combination of the L coefficients Ri in (*).

⇒ R1, R2, ..., RL of (*) are sufficient statistics. QED

Let ij
T

0 ji ndt(t)(t)gg =∫
Hi : R = iE si + w

si = 























iL

2i

1i

s

s
s

.

. , sij = dt(t)(t)gs
T

0 ji∫

w = 























L

2

1

w

w
w

.

. = 





























∫

∫
∫

dt(t)w(t)g

dt(t)w(t)g

dt(t)w(t)g

T
0 L

T
0 2

T
0 1

.

. , R = 























L

2

1

R

R
R

.

.
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E[wiwj] = E




 τττ∫∫ d)()gw(dt(t)w(t)g

T
0 j

T
0 i

   = ∫∫ ττ−δτ
T

0

0
ji )dtd(t

2
N

)(g(t)g

   = ∫
T

0
ji

0 (t)dtg(t)g
2

N

   = ij
0 n

2
N

⇒ R1, R2, ... are correlated in general.
Now consider orthonormal expression.

φ1(t), φ2(t), ..., φL(t) ⇒  span{s1(t), s2(t), ..., sM(t)}

Gram – Schmidt Procedure
φ1(t) = s1(t)
φ2(t) = (1- 2

12p )2 [s2(t) – p12s1(t)]
φ3(t) = c3 [s3(t) – c1φ1(t) – c2φ2(t)]

normalize
c1, c2 – orthogonally

Now,  Ri = dt(t)R(t)
T

0 i∫ φ

Hi : R = iE si + w, R = 























L

2

1

R

R
R

.

.

si = 























iL

2i

1i

s

s
s

.

. , sij = dt(t)(t)s
T

0 ji∫ φ

E[wiwj] = E




 ττφτφ ∫∫ d)()w(dt(t)w(t)

T
0 j

T
0 i  = ij

0

2
N δ
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E[wiwj
T] = 

2
N0 I

Likelihood Ratio Test     i, j

Λij(R) = 
( )
( )j

i
H
H

|p
|p

R
R

= 

( ) ( ) ( )

( )ji

I
2

N
2
1I

2
N

2 i

1
0T

i

1

2
1

02
L

→













−




−−
















π

−
−

sRsRexp

= 

( )

( )








−−









−−

∑

∑

=

=
L

1k

2
jkjk

0

L

1k

2
ikik

0

sER
N
1

sER
N
1

exp

exp

ln Λij(R) = ( ) ( ) 







−−− ∑∑

==

L

1k

2
ikik

L

1k

2
jkjk

0
sERsER

N
1

     = 



 −−− 2

ikik
2

jkjk
0

EE
N
1

sRsR

After simplification

     = ( ) ( )







− ∑∑

==

L

1k
ikki

L

1k
jkkj

0
sREsRE

N
2

   + 







− ∑∑

==

L

1k

2
iki

L

1k

2
jkj

0
sEsE

N
1

=1         =1

= dt(t)s
T

0
2
i∫

∑
=

L

1k
ikksR = dt(t)R(t)s

T

0 i∫

Since si(t) = ( )∑
=

φ
L

1k
kik ts  and dt(t)R(t)

T

0 k∫ φ  = Rk

Therefore
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ln Λij(R) = 
( )

0

ijT

0 jj
T

0 ii
0 N

EE
dt(t)R(t)sEdt(t)R(t)sE

N
2 −

+



 − ∫∫

Consider MAP rule  (min Pr[error])
recall

Let Pi = Pr[Hi]

∴  Compute Pr[Hi|R] = 
( )

( )R
R

p
.|p ]Pr[HH ii , i = 1, 2, ..., M

Choose largest
or choose largest of ln p(R|Hi) + ln Pi

⇒ Choose largest of ln Pi - ( ) 







−∑

=

L

1k

2
ikik

0
sER

N
1

Throw away ∑ 2
kR

⇒ Choose largest of ln Pi + dt(t)R(t)s
N

E2 T

0 i
0

i ∫ - 
0

i
N
E

.

.

.

.

.

• Do not need to
find an
orthonormal
Basis.

Basis : Add how probable a signal is and
subtracts energy ⇒  if a signal has a lot of
energy then we should have a

Choose
Largest

∫T

0
()dt

2
0

m

N
E

sM(t)

+

-

ln PM - 
0

m

N
E

∫T

0
()dt

2
0

m

N
E

s1(t)

+

-

ln P1 - 
0

1

N
E

R(t)


