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S-72.341 CODING METHODS

Tutorial 4, Solutions

1. This is a straightforward basic problem about linear block codes. Note that the
code in this problem is the dual code (with shuffled parity part) of the code in
problem 3 of Tutorial 3.

a) The nonsystematic generator matrix is

0011101
Gy =0 1 0 0 1 1 1
1001110

The generator matrix can be put into the systematic form by exchanging the
first and the third row:

1 0 0|1 1 1 O
Gy =[0 1 00 1 1 1|=[Ip5|Py,]
00 1(1 1 0 1
b) Parity-check matrix is
1 1 1 0
01 1 1
1 1 0 1
P
HT:IM:1 0 0 0
o1 0 0
0010
0 0 0 1
Check: now
T P3><4
GsystH = L3 |P3><4 I, =L Py, + P 1, =0




like it should be.

This is a (7,3) code so there are eight code words and 16 syndromes. All

single-error code words are detected and also some double-error code words.

Selection is not unique with double-error error words. Syndromes can be

calculated using formula s = eH, where e is the error pattern.

Error pattern e

Syndrome s

0 00 0O0O0O O

0 00




d) By investigating the generator matrix or the weights of the eight code words in
the table above we can deduce that the minimum Hamming distance of the

code is d =4,

min

e) The code word corresponding to the message is

1001110
c=mG=1 0 1//0 1 0 0 1 1 1
0 01 1101

:1001110}+[0011101

:1010011}

Now

¢cH” =1 01 0 0 1 1

S O O == O =
_ o O ol = = O

1
1
0
0
0
1
0
|

—_— O O = O = ==

:[1110}+[1101+0010]+[0001

=0 0 0 0],
which confirms that the code word is orthogonal to the parity-check matrix.

2. By Definition 4-9 of the book the code is linear if the sum of any two code words

is also a code word. Thus, for even n, we pick two palindromes

X =2 By o Ty Ty o T xl} and y = [yl Yp o Yu Ypoee Yy Yyl
Since the sum x + y is also a palindrome we conclude that the code is linear. For

odd n , the result follows by deleting the [%|th coordinate from x and y.

For instance, n = 4 yields the following linear code.



0 0|0 O
0 1|11 0
1 0]0 1
1 1)1 1
The code for n = 3 is
0 0|0
0 10
1 01
1 1)1
The generator matrix of the palindrome code, for even n ,is G = [I?l I{j}, where
I, is an 4 X % identity matrix, and
0 0 1
0 0 0
|
1 0 0 O

is the & x & permuted "identity" matrix. The parity-check matrix can be obtained

T
in the usual manner from GH? = 0 [note that (I';’) =1
H=[I! I,].

For odd n , the right-hand side of the generator matrix is formed by removing the

n n

left-most column of If . We denote this [2]x|%] matrix by I’ W] The generator

1|
21712

matrix for odd n is

A code word x of length n is formed by multiplying the generator matrix from

the left by a message word m, a binary row vector of length [2]: x = mG.



The minimum distance of a palindrome code is two for any n, since we can
always find two identical columns in a parity-check matrix. Thus, any palindrome

code can detect one error in a word.

The weight enumerating function for a binary Hamming code of length n is given

in equation 4-12 of the book:

1 " o \(n—1)/2
A<x>:n—+1{(1+x) +n(l—a)(1-2?) 3

For the (7,4) Hamming code the weight enumerating function takes form

Aco> = é{(1+x)7 +7(1—2)(1—a? )3}

=1+4+72> +72* + 27,

The parity-check matrix of a binary <2m — 12" —m —1) Hamming code is a
matrix whose columns consist of all nonzero binary m-tuples. The parity-check
matrix of a nonbinary Hamming code is constructed using the same approach, see
page 93 of the book. In our case H has (33 — 1)/(3 —1) = 13 columns. We select
as columns of H all distinct 3-ary 3-tuples for which the uppermost element is 1.

The parity-check matrix H is:

1 000011111111
H=|0 1 01 1001112 2 2|
001121201201 2

A basic problem about cyclic codes...

a) For a cyclic code the parity-check polynomial should satisfy

hcx>gery) = 2" —1,

where gcz)> is a generator polynomial. We get

15
1 .
z_t —x10+a:9+a:8+a:6+x5+a:2+1.

hcry = : =
v 2+t 2?41

b) Since k =n —r =15 -5 =10, we have 2!° = 1024 different code words.



¢) The code word is message polynomial multiplied with the generator
polynomial. The polynomial multiplication can be expressed using matrix

multiplication:

cCT>) = Mmr>g

n—r—l)

:(m0+m1x+...+mn471x gax>

—r—1
= myg x>+ magcz>+...+m 2" g

g,

n—r—1

Multiplication with z’ is equal to a i-step shift to the right. This allows us to
describe the rows of the generator matrix as shifted versions of the coefficients

of the generator polynomial.

101011
101011

101011

Similarly the rows of the parity check matrix for a linear cyclic code are

shifted versions of the parity check polynomial h<z>.

11 1011001QO0°1
11101100101

11101100101

d) The code word is calculated by multiplying the message polynomial with the

generator polynomial:
i) 229> = 22 + 2t + 25 4 27,
ii) (arg + 2t + 22 +1)g(a:): L+a* +2° 27 + 28 + 2!t 4 213 4 21

e) The systematic code polynomial can be calculated using the procedure

described on page 107 of the book, repeated below for your convenience.



Step 1: Multiply the message polynomial mcz> by z" .

Step 2: Divide the result of Step 1 by the generator polynomial gcz>. Let

d (x> be the remainder.

Step 3: Set ccx> = 2™ Fm(z) — d x>

For the given message polynomials we get
i) carr=a" +2°+2+1,

i) cca>=aM + 2% + 2" +2° a2t 423 F2® +1.

6. Syndromes can be computed as sy = r(:v)h(:n)mod(x15 + 1),

hery =o' +2°% + 25 + 25 +2° + 27 + 1.
a) Notice that "™ mod (2" 4+ 1) = z*. Using thiswe see that
s =2(2" +2% + 2% +2° 4+ 27 + 2% +1)mod (2 +1)
=2 +2% +2° 42t + 2% 241
b) s> =t 4210 4 2° 42T 42 ot 2® 4 2P,
c) sa>=0.

d) scar=a® + 2 421 428 12" 4 2% 425 4 2.



