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Classical detection and estimation theory.

What is detection?

e Signal detection and estimation is the area of study that deals
with the processing of information-bearing signals for the purpose
of extracting information from them.

Digital Signal

Source Squence Transmitter Squenoe Channel —
1 0 sinw,t sinw,t
T T T T

s(t) r(t)=s(t)+n(t)

A simple digital communication system.

e Detection and estimation applications involve making inferences
from observations that are distorted or corrupted in some
unknown manner.
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Components of a decision theory problem.

1.Source - that generates

an output.

H,

Probabilistic
Source transition
H, mechanism

Observation
space

2.Probabilistic transition

mechanism - a device
Decision  that knows which
hypothesis is true. It
Components of a decision theory problem. generates a point in the
observation space
accordingly to some
probability law.

3.0bservation space — describes all the outcomes of the transition
mechanism.

4.Decision - to each point in observation space is assigned one of
the hypotheses
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Source o r

Transition Observation
mechanism space

¥ o When H X is true the source

generates +1.

e When H . is true the source
generates -1.

2 v o An independent discrete
random variable n whose
probability density is added to
the source output.

e The sum of the source output

Example:
p.(N) 1
2
1 1
K K
-1 0 +1
2
1 1
T s T s
0 +1
pn(N‘ HO) 1
2
1
[’ A
2 1 0

Probability densities.

N and n is observed variable 7.

e rc{-2-1,0,1,2}
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e Observation space has finite dimension.

e After observing the outcome, r ,in the observation space we shall
guess which hypothesis is true.

e Under the two hypotheses, we two possibilities have

H :7°:1—|—n1

1
Hozr:—l—l—n2

e We use a decision rule that assigns each point to one of the
hypotheses.
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Simple binary hypothesis testing.

e The decision problem in which each of two source outputs
corresponds to a hypothesis.

e Flach hypothesis maps into a point in the observation space.

e We assume that the observation space is a set of IV observations:

Ty Tyyeens Ty

e Fach set can be represented as a vector r:

h

T

-T’N-

e The probabilistic transition mechanism generates points in accord
with the two known conditional densities

pr\H1 (R ‘ Hl)’pr\HO (R ‘ HO)'

e The objective is to use this information to develop a decision rule.
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Decision criteria.

e In the binary hypothesis problem either H or H, is true.
e We are seeking decision rules for making a choice.

e Each time the experiment is conducted one of four things can
happen:

1.H  true; choose H — correct
2.H true; choose H,
3.H, true; choose H — correct

4.H  true; choose H

e The purpose of a decision criterion is to attach some relative
importance to the four possible courses of action.

e The method for processing the received data depends on the
decision criterion we select.




HELSINKI UNIVERSITY OF TECHNOLOGY
\ COMMUNICATIONS LABORATORY

Bayesian criterion.

sap, Dource generates two outputs
with given (a priori)
probabilities P, . These
represent the observer

7 opsevationspace111TOTIATION before the

Dy (R H)  say experiment is conducted.

y2u H](R ‘Hl)

Source

e The cost is assigned to each course of actions. C,C, ,C ,C, .

e Flach time the experiment is conducted a certain cost will be
incurred.

e The decision rule is designed so that on the average the cost will
be as small as possible.

e T'wo probabilities are averaged over: the a prior: probability and
probability that a particular course of action will be taken.

e The expected value of the cost is
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R=C, P Pr( say H | H, is true)
+C P Pr( say H | H, is true)
+C', P Pr( say H | H, is true)
+C,, P, Pr( say H | H, is true)

e The binary observation rule divides the total observation space Z
into two parts: Z_, 7.
e Fach point in observation space is assigned to one of these sets.

e The expression of the risk in terms of transition probabilities and
the decision regions:

R=C prrHO (R|H,)dR +C prrHO (R| H,)dR
Z, Z,

00" 0O 1070

+C, P f Py (RIH)dR+C,P, f p,, (RIH,)dR
Z, Z

0
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e 7 ,Z cover the observation space (the integrals integrate to one).

e We assume that the cost of a wrong decision is higher than the
cost of a correct decision.

CYlO > CYOO
CYOl > CYll

e For Bayesian test the regions Z and Z are chosen such that the
risk will be minimized.

e We assume that the decision is to be made for each point in
observation space. (Z =27, + Z1>

e The decision regions are defined by the statement:

R:OOOPOferO (R‘H())CZR—'_OH)PO f pr\HO (R|H0>dR
Z, 77,

+C, P f Py (RIH,)dR +C, P f Py (R|H,)dR
-7 7

0

Observing that
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ferO (R ‘ HO)dR - ferl (R | H1)dR =1
Z Z

R=PC +PC +f o iR
707710 111 —P(O O>r‘H(R|H>

R0y~ C)p,,, (R 11

O

e The integral represents the cost controlled by those points R that
we assign to 2.

e The value of R where the second term is larger than the first
contribute to the negative amount to the integral and should be

included in Z .
e The value of R where two terms are equal has no effect.

e The decision regions are defined by the statement:

It Pl (001 _011>pr\H1 (R | Hl) > PO (010 _Cll)pr\HO (R | HO)’
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assign R to Z, and say that H, is true. Otherwise assign R to Z
and say that H_ is true.

e This may be expressed as:

r\H (R‘H>ipo(010 _OOO>

(R‘H )HO PI(OOl _011>

Pin (R‘H>
Py, (RIH,)

e Regardless of the dimension of R, A(R) is one-dimensional
variable.

r\H

o A (R) = is called likelihood ratio.

e Data processing is involved in computing A (R) and is not
affected by the prior probabilities and cost assignments.

1 (010 B Ooo)

0

B (001 B Ou)

1

is the threshold of the test.

e The quantity 1 2
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e The 1 can be left as a variable threshold and may be changed if
our a priori knowledge or costs are changed.

e Bayes criterion has led us to a Likelihood Ratio Test (LRT)
H

A(R)S 7]

H,

Hl
e An equivalent test is In A (R)<s1Inn
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Summary of the Bayesian test:

e The Bayesian test can be conducted simply by calculating the
likelihood ratio A (R) and comparing it to the threshold.

Test design:

e Assign a-priori probabilities to the source outputs.

e Assign costs for each action.

e Assume distribution for P (R | Hl),pr‘HO (R | HO).
e calculate and simplify the A (R)

R
A(R) Threshold device

Decision
Data - H, —
Processor A(R)§77

Hy

Likelihood ratio processor
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Special case.

c,=C,=0C,=C, =1

01 10

R = prro R\H)dRJrprrH (R|H,)dR

O

4P
mAR)SIh—L=mP —In(1-P)
H, 1

e When the two hypotheses are equally likely, the threshold is zero.

This special case is called also maximum aposteriori detector since
the optimal detection is the one that selects the case that have

maximum probability. max ( Py (R | H Z))

In case of receiver the R is observed (received signal) and H,
corresponds to a possible symbol.
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Neyman-Pearson test.

e Often it is difficult to assign realistic costs of a priori probabilities.
This can be bypassed if to work with the conditional probabilities
P and P .

e We have two conflicting objectives to make PF as small as
possible and PD as large as possible.

Neyman-Pearson criterion.

Constrain P, = a' < a and design a test to maximize P, (or
minimize P, ) under this constraint.

e The solution can be obtained by using Lagrange multipliers.

F=P,+\P,—a

F:ferl (R| H,)dR+A f P, (RIH,)dR —a
7 -7

0
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o If P = a, minimizing /' minimizes P .

M
F:A(1—av)+f
ZO

Pin (R | Hl) - )\pr\HO (R | HO)]dR

e For any positive value of A an LRT will minimize F.

e I is minimized if we assign a point R to Z only when the term in
the bracket is negative.

pr|H (R ‘ Hl)
o If — < A assign point to Z, (say H )
pr|HO (R ‘ HO)
Hl
e I is minimized by the likelihood ratio test. A (R)<n
HO
e To satisfy the constraint A is selected so that P, = o'

F

P, = prHo (A | HO>dA = Q'
A
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e Value of A will be nonnegative because p A (A | H o) will be zero
for negative values of \. :

/ \

Pun, (X|H0) Pun, (X|H1)

P, (X |H0) Pun, (X |H1)
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Conversion of received pulse waveforms into signal
vectors using orthonormal function expansion

In practice digital transmission takes place using analogue pulse
waveforms, so that a different pulse is used for each symbol value.
The MAP-receiver however, bases its decision on signal vectors. Now
the receiver must be able to convert the received time-continuous
pulse into a signal vector preferably with as few components as
possible.
One way to do this is to use suitable functional representations of the
signals involved. In this case the pulses can be expanded into series:
K
5i(t)= 2 Sigdx (1)
k=1
where ¢ (¢) are the base functions and the vector components can be
calculated by correlating the pulse signal with the base functions:

Sik = [ 8; () (t)dt
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Next problem is how to choose the base functions. It appears that
SEP-calculations are more convenient if the base functions are chosen
so that the noise components are statistically independent and their
statistical properties are easily determined.

In the AWGN-channel this is achieved if the base functions form an
orthonormal function set. An orthonormal set fulfils the condition

T
| i () (t)dt = 6
0

In the more general ACGN-channel the base functions are solutions to

the integral equation
T
| Ry (¢ —u)gy (w)du = 2y gy (¢)
0

where Rp(l])is the autocorrelation function of the additive noise and
A is The eigenvalue corresponding to the eigenfunction g (¢).
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Next the desired properties of the orthonormal function expansion in
the AWGN-channel are demonstrated.

The noise vector components are
n, = [n(0)g, (1)dt
It follows that the expectation of the noise components are
E{n}= [ E{n(t)}g, (1)t
So zero-mean noise produces zero-mean noise components.

The cross-covariance of two noise components is
E{nn,}= E{ [n, 0yar | n(u)¢k(u)du} = [ [ E{n(o)n)}g, (0), (w)drelu

No _ No — NO
= [ [ 586w g didu == [ (0 (e ==25,

It appears that the noise components are uncorrelated and therefore
statistically independent at least in the Gaussian case and of equal
power.
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The concept of sufficient statistics and the choice of
orthogonal functions

Because of the AWGN an infinite number of orthonormal function
would be needed to completely represent the received signal. If,
however, only a finite number of functions is needed to represent all
the used pulse wave forms, or

sik =0, k>K

then due to the statistical independence of the noise vector
components the density function of the received signal vector
conditioned on a given transmitted symbol is:

P(Rle;)=pn(r1—si1) P (1 =5i1) - P (7K = Sik ) Pn ("K4+1) P (T 42) - -~




HELSINKI UNIVERSITY OF TECHNOLOGY
\ COMMUNICATIONS LABORATORY

But in the comparison of the posterior probability no attention needs
to be paid to the factors not depending on /, so the K first components
form a sufficient statistics for decision.

A minimum set of orthonormal functions can be obtained with the
Gram-Schmidt algorithm. Often clever reasoning will do as well.
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The Gram-Schmidt algorithm
The signal set to be represented is {s;(¢)},i =1,2,..,M , where all

signals vanish outside the time interval [-T/2, T/2]
Definitions:

Signal norm: [x(1)] = \/ (2@t = JEy
T

Signal correlation: P,y = | x()y(t)dt
T

The first orthonormal function is obtained by normalizing an arbitrary
signal function. e.g.

s1(¢)
"0 v
The second orthonormal function is obtained by taking next arbitrary
signal function, subtracting its projection on the previous orthonormal
function, and normalizing the difference, e.g.
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52(0)= Py, gy H1(0)
20 Py - 010)

$r (1) =

The rest of the orthonormal function are obtained by taking the next
arbitrary signal function, subtracting from that its projection on all
previous orthonormal functions, and dividing the difference with its
horm, i.e.

k-1
si (t)— Zl Py ¢ i (1)
1

(1) = .
Sk (8)— '21 Psy ;i (D)

l=

If the minimum set is already obtained, the last equation will produce
zeroes.
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Example 1. Application of the 6ram-Schmidt algorithm

 Xq(1) 1% 1 X%(f) 1 %(0)

-1

1

»
>

-1

] | | | | | |
i3 2713 T TiI3 2713 T I3 2T13 T Ti3 2713 T

Original signal set, M =4

arect(t_T/‘Sj
_x() T/3 )_[3 . (t—T/6j
#1 (1) |1 (2)) T3, \/; t T/3
(f) a“dt 314D

/3 [3 T
Pxy,by = (j)a th=a 3

>

73 2T3 T
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T
X2(6) = Py HE) xa(t)—a §'¢1(t)

P2 () = =
sz(t)—px2,¢1 ¢1(t)H xz(t)—a\/g‘ﬁ(t)
3 1420
(t—T/zj =T
arect| ———— T
T/3 ) _ \E ot 12T/2
2T/3 T T/3 —
[ a’dt T3 2TI3 T
T/3

The next last expression is obtained by graphical
Inspection

As the duration and amplitudes of both orthonormal
functions are equal, and the amplitude of the third signal is
constant the correlation are equally large:
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T

Pxypy =0 Pxyg, =0 3

T
X3(t)—px3,¢l -¢l(t)_px3,¢2 ¢2(t) ) X3(t)—a 5 ¢2(t)
x3(t) — py H O () — py b -y (1) ~ \/z
3 3 H x3(t)—a 3 10
arect(t_ST/6

%07

T/3 j_ \E g 15T/
\/T ) AT T/3 3 1¢3(1)
[ a’dt =+

2T/3

»
»

Again the next last expression is obtained

T3 2T3 T
by graphical inspection >
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As above the correlations

T

Pxg,py = Pxgspy = Pxgop3 =4 3

x4(t)_pX4,¢1 '¢1(t)_px4,¢2 ‘¢2(t)—px4’¢3 ¢3(t)
Hx4(t)_px49¢l ‘¢1(t)_px49¢2 ‘¢2(t)_px49¢3 ¢3(t)H

x4(t) - a\ﬁ (d1 () +p2(t) + 43(2))
x4(t) - a\ﬁ (d1 () +p2(t) +43(2))

Pg(t) =

=0

The four signals can thus be represented with only three orthonormal
functions, which is the minimum set.

The same size will be obtained regardless of in which order the signals
are selected, but the orthonormal function set will be different.
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The signal vectors are:

[P

X11

= | X12

X13

X21
X22

[x1 (O (t)dt
[x1()a(t)dt
Jx1 ()3 (¢)dt |

[x2()gy (t)dt |
[ x2(t)gy (t)dt
Jx2 ()3 (2)dt |

X23_

[ T/3
[ ay3/Tdt

2T/3
[ ay3/Tdt
/3

a\T/3
a\T/3
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|P<

X31
X32

X33

0 _
Jx3®(Ddt | | 23 0
[x3(t)dy (t)dt [ ay3/Tdt|=|a\T/3
[x3(O)g3(t)dt | | T/3 a\T/3
. ! _
| ay3/Tadt
| 27/3
[ T/3
[ ay3/Tat
] ] 0 -
xa] [Jxa®a0dt] | a3 aT/3
=| xg2 |=| [x4(Opa )t |=| [ a\/3/Tdt|=|a\T/3
(x43 | |[xqO3(t)de| | T/3 aJT/3
T !
[ ay3/Tdt
| 21/3
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a

r
3/

A¢3

W | N

> ¢y




HELSINKI UNIVERSITY OF TECHNOLOGY
\ COMMUNICATIONS LABORATORY

Multidimensional signal

In signal space the signal could be described trough multiple bases
functions.

A complex continuous time signal in length Twhich has most of its
energy confined into spectrum [-W/2 W/2] has dimension
approximately WT.

The signal can be described by WT complex samples.

In the spectrum are W and time interval T one could have WT
orthogonal basis vectors.
The signal has W complex dimensions per second

- WT dimensions per time T.
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Example:

Assume we have N dimensional signal vectors. (signal set is described
by N orthogonal basis vectors).

We may subdivided the time interval 7" into N subintervals T = NT,.
In each subinterval we may transmit one element of the N dimensional
signal vector.

If we use complex signals in each interval could be transmitted 2 signal
elements - one on real and other in imaginary carrier.

1
Similarly in our possession is bandwidth (baseband) W = NET

The frequency band could be divided into N frequency slots.
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Basic simplified and idealized digital transmission system

s(t) i=T

N
N N
> ¢ 8(t- E,, (t) Z(t) 2 &, 8(t-nT-T,)
n=1cn (tnl) H;i, () t Hc(f) A‘qé‘f er(q— oo f n=1

n(t)

e {c,} is the sequence of transmitted data symbols

e s(t) is the transmitted signal, where hi. (1) determines the
transmitted pulse for each symbol, the average transmitted symbol
energy is Eix

e H.(f) is the transfer function of the transmission channel which
distorts the transmitted pulse

e r(t) is the received signal distorted by the transmission channel and
perturbed by additive noise

e H.(f) is the receiver filter

e (1) is the input signal to the sampler and decision circuit

. {En} is the sequence of detected data symbols in the receiver output

e T, is the total transmission delay
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Problem definition

1° The noise causes uncertainty in the receiver about which symbol is
actually transmitted

2° The channel distortion causes the used pulse to overlap to other
symbol intervals — intersymbol interference in symbol sequence
transmission

— additional uncertainty about the transmitted symbol

3° A consequence of noise and inter-symbol interference is that the
receiver symbol decision circuit will sometimes produce symbol errors
4° Due to the random nature of noise and the transmitted symbols
causing IST, also the symbol errors occurs in a random manner

— system performance must be characterized by probabilistic
measures and system analysis is done with statistical methods

5° The design of an optimum receiver is aimed to minimize the
probability of symbol errors (bit errors)
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6° This is achieved by finding the optimum symbol decision algorithm
and the optimum receiver filter (and transmitter filter)

7° In practice non-ideal implementation or the use of sub-optimal
solutions will cause performance degradation and the optimum receiver
gives a reference performance to which actual performance can be

compared
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System models

OTransmission models
e single symbol
e symbol sequence: burst, continuous, full response, partial response
e binary/M-ary transmission
e parallel transmission: MIMO, MISO, SIMO, SISO
e uncoded/channel coded transmission

(Channel models
e AWGN-channel (Additive White Gaussian Noise) TI/FF, TV/FF,
TI/SF, TV/SF
e ACGN-channel (Additive Colored Gaussian Noise) TI/FF, TV/FF,
TI/SF, TV/SF

(OReceiver models
e symbol-by-symbol detection
e symbol sequence detection
e Equalizer receiver
e Diversity receiver, RAKE-receiver
e MUD-receiver
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DIGITAL REFERENCE RECEIVERS

Single symbol optimum receiver in the AWGN-channel

Single symbol optimum receiver in the ACGN-channel

Symbol sequence receiver in the AWGN-channel with symbol-
by-symbol decision

Symbol sequence receiver in the band-limited AWGN-channel
with symbol-by-symbol decision, ISI-elimination with raised-
cosine filtering

Symbol sequence receiver in the band-limited AWGN-channel
with symbol-by-symbol decision, controlled ISI elimination
with partial response signalling

Symbol sequence receiver in the band-limited AWGN-channel
with symbol-by-symbol decision, MSE-approach

Symbol sequence optimum receiver in the band-limited AWGN-
channel
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Single symbol optimum receiver in the AWGN-channel:

O

a Q

a Q

Outline of the treatment

Derivation of the MAP decision rule given a known received signa/
vector in a channel with additive noise

{r}— ¢ :MAX {P(cl.)p({rk }‘C}>)} — decision areas D,

Derivation of the symbol error

probability P(e|c,) = P({rk}e Dilc;,i# j) P(e)=> P(c,)P(e|c;)

Conversion of received pulse waveforms into signal vectors using
orthonormal function expansion r, = j r(t)g, (1)dt j b (D¢, (t)dr = 5,

Sufficient statistics and the choice of orthogonal functions
The optimum receiver in the AWGN-channel

correlation receiver <> matched filter receiver

PAM-signalling and its performance in the AWGN-channel
Orthogonal signalling and its performance in the AWGN-channel
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THE OPTIMUM DECISION RULE IN A VECTOR
CHANNEL CONTAINING ADDITIVE NOISE

The output of a vector channel containing additive noise is a N-
component signal sample vector R=S; + N, where

R = {rl,rz,...,l‘N }T s S = {Sil,siz,...,SiN }T , N = {nl,nz,...,nN }T
(la,b,c)

The optimum decision rule maximizes the average probability of a
correct symbol decision and minimizes the average symbol error
probability.
The average probability of a correct symbol decision is

P(c)=[[..[ p(R)P(c|R)dR
Because the joint density function and the conditional probability of a
correct decision are positive, the average probability is maximized if
the conditional probability is maximized for each possible R-vector.
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The conditional probability of a correct decision can be expressed as
P(c|R)=P(¢ =¢;|R,c;)

The optimum decision rule calculates the a posteriori probabilities
P (¢ =cy |R) for all symbols ¢; and chooses the symbol that maximizes

the a posteriori probability. This gives the Maximum A Posteriori
(MAP) decision rule

é=cp = MAX {P(¢=c|R)}

The MAP-decision rule in this form is not very practical because of the
difficulty to calculate the a posteriori probabilities. Application of
Bayes' rule gives a more tractable expression:

P(cx)p(Rlex)

P(¢=cx|R)=P(cx|R)= e
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There is no need to use the joint density function of R when comparing
the different cy-values, so the decision rule takes its final form

P(c;) is the a
priori probability of the possible symbol values. In most cases
P(c;)=1/M.

. p(R|cx ) is the joint density function of the received vector samples
conditioned on the symbol value

There is another, sub-optimum decision rule which doesn't consider

the symbol probabilities. That is called the Maximum Likelihood (ML)

decision rule

¢=cp = M}?X{p(Rk'k Wk =1,2,.,M
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The ML-receiver is more easily implemented than the MAP-receiver.
For equally probable symbol values their performance is also equal. In
practice the degradation is minor unless very large unbalance in the
symbol probabilities.

From the MAP decision rule follows that the vector signal space can be
divided into separate decision areas, in each of which a certain symbol
maximizes the posterior probability. The borders between the decision
areas Dj and Dj can be solved from the equality

P(ci)p(R|ci)=P(cj)p(R‘cj)
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In the decision area D1 the
symbol c1 maximizes the
posterior probability. If the
hoise vector brings the signal

vector R e.g. to the decision
area D2 the receiver will make

an erroneous decision. The error
probability is a measure of the
receiver performance.

)
N -h,

'JDI I:::'__
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GENERAL EXPRESSION OF THE SYMBOL ERROR
PROBABILITY

If the receiver always makes a decision (also other reception
strategies may be used) then on a given transmitted symbol the error
event is defined in the following way:

{e|ci} ={R GDJ' |Ci}, J#i
Correspondingly the event of a correct decision is defined:
telei}={ReDjle;

It is obvious that the union of the both events form the entire
decision space:

{c|ci}+{e|ci}={ReDi |ci}+{ReEDi |ci}={S|ci}
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and consequently
P{e|ci} =1—P{c|ci}

When the channel contains additive noise the SEP can be calculated in
two ways:

Ple|c;}=[[..] pn(R-S;)dR
S—D;

or

Ple|c;} =1-[[..[] pu(R-S;)dR
D;

Because the decision areas are separate the average SEP can be
calculated with the total probability formula:

M
Pe)= Y P(cx)P(e|ck)
k=1
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THE OPTIMUM RECEIVER IN THE AWGN-CHANNEL

It is assumed that K vector components form a sufficient statistics.
With AWGN the conditional density function of the received signal
vector is

K

K 1 _(rk_sik )2 1 ]\1 Z(rk —Sik )2
k=

2N, /2 N, &

127N, /2 (zN )K/2

o

p(R

()=

Because Inf(x) is a monotonic function of f(x), it is maximized for the
same x-value as f(x). Taking the logarithm of the decision function
brings some computational advantages, so the MAP-receiver can
maximize the function

in(P(c) p(Rley) =0 P(e) =S 1n(aN,) =3 (5 =5, )
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Only terms containing the index /need to be considered in the MAP-
receiver. It is also easy to show that the last sum represents the
energy of the received pulse waveforms. Therefore the MAP decision
rule in the AWGN-channel can be written as

. K N Eg.
¢=c¢; >MAX] X rsjp +—~InP(¢;)——
i k=1 2 2

Block diagram of the corresponding correlation receiver

bias
o1(t) :
__le_, fat |1 |i=1
r(t) T o
t weighting | ; _ » select
¢2( ) Iy | matrix
__®_ I dt largest
T i=3 é
i= Mé

B

K

2 eSik
k=1

at 'K

| wébl(( t)

—_—
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The optimum receiver can also be implemented in an alternative way.
The response to r(7) of a filter with the impulse response

hy (t) =g (T 1) Is

y(t) = Ojo r(u)hy (t —u)du =Ojo r(u)gy (T —t +u)du

On the time instant ¢ = T the filter output is

o0
y(T)= [ r)gy (w)du =r
—00
so this so called matched filter gives the same output as the
corresponding correlator in the correlator receiver. The block diagram
of the matched filter receiver is shown in the figure below.
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Both the correlator- and matched filter receiver minimize the symbol
error probability and are different realizations of the optimum single
symbol receivers in the AWGN-channel. In an arbitrary channel the
correlator receiver makes decision according to the least error enerqgy
j(r(t)—sl.(t))zdt, while the matched filter receiver will maximize SNR at

the decision time instant, but they don't necessarily minimize SEP.

r(t)

¢0(T-t)

¢, (T-t)

(T-t)

t=T

weighting
matrix

bias
i=1
i=2
i=3
i=M

1/

select
largest

B
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EXAMPLE 2. Optimum receiver for binary antipodal signalling and its
performance in the AWGN-channel

In binary antipodal signalling the symbol values and their probabilities
are

c1=-1, P{cp=-1}=P =05

CHy) = +1, P{Ck = +1} =P2 =0.5

The received pulse waveforms are thus
s1(¢) =—x(¢t)

s2() = x(t)
The choice of base functions is straightforward, only one function is
heeded

4(£) = —

JE,

x(1)
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Each signal vector comprises one component:

[ x%(t)dt =—E,

1
s1= [ —x(@®)pt)dt = [ x(t) x(t)dt =—
r \ Ey xT

T

sy = [ x(t)g(t)dt = jx(t) x(t)dt =
T F

[ x*(t)dt =JE,
xT

The signal vector ends define a geometrical pattern which is called the
signal constellation. In the actual case the constellation points are on a
straight line, we have a one-dimensional signal geometry.

S1 S»
| @

o
0
The threshold v between the decision areas is solved from the equality
P(c=-1)p,(u-s1)=P(c=+1)p, (u—-s3)

> ¢
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In the general case this equation can be written as

(u—s1 )2 (u—sy )2

1 N, 1 N,

e =P e
JZN, 2 JZN,
Taking the logarithm of both sides one gets
(u—S1)2 (u—s2)2
In Pl — =In P2 —
N, N,
from which v can be solved:

N P, N P,
u=sy+s1+ 0 ln( lj 0 ln( lj when sy = —s1 = E,

2(S2 —S1 2 4\/7

P

The former expression is valid for any one-dimensional constellation,
while the latter expression is valid for antipodal signalling. With
equiprobable symbol the threshold value v = 0.
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Symbol error probability

When the symbol cyis transmitted a decision error is made if r > u,
and when the symbol c2is transmitted a decision error is made if r <u

The conditional symbol error probabilities are given by the surfaces
under the density function

P(e|c=-1)= Ojopn (r—sq )dr Py(r-syp)
N (43a,b)
u
P(e|c=+1)=_£opn (I‘—Szﬂl‘ §1 | ﬂm§2 S

_\l}TX u JE_X‘




HELSINKI UNIVERSITY OF TECHNOLOGY
\ COMMUNICATIONS LABORATORY

Integration of the first

(r-s,)

conditional probability gives: Ppi=52
(r-s1)

Plele=1)=]——¢ No 4 Sy S,

u\/”No o= | @ > I

Changing the integration variable

(r—sl)\/i

X = gives

JN,
2

© 1 - u—s
P(elc=-1)= 2 dx = 1
e 5 e e )

N,/2

where Q(x) is the complement of the normal cumulative distribution
function, which is a tabulated function.
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The second conditional error probability can be determined in the
same manner, but can also be obtained more directly by utilizing the
symmetry of the noise density function.

The surface under the left density function tail is the same as the
surface of aright density function tail starting at the same distance
from the mean value. Therefore

vl bl

In both cases the argument of the Q-function is the ratio between the
distance from the constellation point to the decision area border and
the r.m.s. noise. This can be generalized also to other cases than the
optimum receiver.




HELSINKI UNIVERSITY OF TECHNOLOGY
\ COMMUNICATIONS LABORATORY

The general expression of the symbol error probability is

P(e)=P(-1)P(e|c =—1)+ P()P(elc =1) = P(—l)Q(u—s1J+P(1)Q(S2 —uj

On On

Insertion of the actual values gives

R A

2 N,/2 Ny

N, /2

With unequal symbol proba-
bilities the MAP decision
threshold is moved and the
BEP will change.
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MPAM-signalling and its performance in the AWGN-
channel

MPAM = M-ary Pulse Amplitude Modulation

In single symbol transmission the received MPAM-signal is
r(t)=cx(t)+n(t) (49)

where ¢ obtains the values +1, £3, +5,.. £(M-1). Each value occurs with
the same probability: Ac)) = 1/M.

The choice of orthonormal functions is simple, only one function is
heeded

1

JE,

o(t) = x(1)
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Each signal vector comprises one component:

= [ x(t)p(t)dt —[cx(t) x(t)dt =—— [ x*(t)dt = \[E,.
VEx ‘7

T
The constellation of 8PAM and the density functions conditioned on
the transmitted symbol value are given in the figure below.

P p,(r-sy Pep,, (r-sg)
S1 Sg

R ‘\\\\\\%// (H)00.srs ‘\\&&# P rro: \\\\\\\// 7 ‘\\\&Qﬁ L \\\\\\\\//[l’l‘ .‘\\\\\&#/ Hrss, ‘\\\\\\// 0000z

M-1)[E{ —[Eg 0 M-1)[Ey

With equally probable symbol values the borders between decision
areas are halfway between the constellation points.
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Average symbol error probability:

Two cases: 2 edge symbols M-2 inner symbols
® >T o >T
d o
d d

The conditional symbol error probability of
the edge symbols:

P (e |edge symbol ) =0 (ij
On
The conditional symbol error probability of the inner symbols:

P (e |inner symbol ) =20 (ij
On
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The average symbol error probability:

o= 2o J-u-020[ )
- 0r-00( )21 57 e[ {3

The last version is valid for the optimum receiver in the AWGN-
channel, whereas the second last version is valid for any ideal channel
containing additive Gaussian noise.
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It is more usual to express SEP as function of average received
energy. The average energy can be derived from the pulse energy in
the following way:

M M/2 g [ M2 M2 M/2
Eg=3 P(c;)Ee, =— 3 (2-1)E, = x{4 S il-4y i- > 1
i=1 M - i=1 i=1  i=1

2Bk | fIMIM M| eI M (MM =Ex[M2—1}
M| (622 2 222 2 |3

This leads to the following SEP-expression:

1 3 2E,
ro=3{1-5 ol i e

Sometimes SEP is presented as a function of the average bit energy.
Because

E . 2E
Ep = S — P(e) =2(1—i)Q \/3 logzM‘ b
log), M M M2 1 N,

Further one can represent SEP as function of maximum symbol energy..
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Bit error probability

Transmission performance requirements are often defined in terms of bit
error probability (BEP). BEP will depend on how bits are mapped into symbols.

When a symbol error occurs at least one bit is erroneous, but in the worst
case all bits can be erroneous.

It is likely that a symbol error will lead to a symbol in an adjacent decision
area. Therefore the bits should be mapped into symbols in such a way that the
symbols in adjacent decision areas differ only in one bit. In MPAM-systems
this is achieved with Gray-coding.

However, it is possible that an erroneous decision gives a symbol in a decision
area outside the adjacent areas to the correct decision area. Especially on
high BEP-values a more exact analysis is heeded to get a good BEP-estimate.

5 &
B N\ R\ 7o

symbol bit mapping 00 01 11 10
one bit error @
two bit errors@

4PAM
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The gray coder

Coder input sequence: {€15€25wsCK } 2K —m

Coder output sequence {€1,61 ®cp,c2 Dc3yuscg 1 Dk}, K bits

0000 Input @ stands for modulo-2 0000 Output
0001 sequence |summation (exclusive or) 0001 sequence
0010 1l6PAM logic circuit 0011

0011 0010

0100 0110

0101 0111

0110 0101

0111 - 0, 01, 1®1, 160 — |0100

1000 1100

1001 1101

1010 1111

1011 1110

1100 1010

1101 1011

1110 1001

1111 1000
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Example 3: BEP of a Gray-coded 4PAM-system

First we look for eventual symmetries by analyzing the number of bit
errors for different symbol errors.

symbol |distance in decision areas of error symbol
1 2 3
00 1 2 1
01 1,1 2 number of bit errors
11 1,1 2
10 1 2 1

Because of symmetry only the two first symbols need to be
investigated
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Now the conditional bit error probabilities are:

BERyy =P (00 01)+> P (00 > 1) +--P (00 - 10)

=0.5P{d <n<3d}+P{3d <n<5d}+0.5P{n>5d}

sl oozl el

-0s0(*)0s0(2)-050()

o) o) o)
1 2 2
BEPy; =~ P (01 00)+=P (01— 11)+ P (01 10)

=0.5P{n<-d}+0.5P{d <n<3d}+P{n>3d}

ssof2) ol (2}l ofs el
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The average BEP is
BEP:ML/Z[O.SQ(QWSQF:) OSQ( ) Q( )+05Q(3fﬂ
o) o2l

The last part of the expression is an approximate value which is less
than 1% in error if BEP < 0.1.
1

logo M

Generally, BEP = SEP for low BEP-values, and in MPAM is then

2E 2E
R (1—l)Q 3-logy M 2E, 2 (1—i)Q 3 2K
log, M\ M M2_1 N, ) logaM\ M M?*-1 N,




HELSINKI UNIVERSITY OF TECHNOLOGY
\ COMMUNICATIONS LABORATORY

Table 1. 10log(Ep/Ng)-values and bandwidths needed for different BEP-
values with the optimum receiver when the bit rate is constant

M BEP = 10-3 BEP = 10-6 BEP = 10-9 spectrum efficiency
R
n= ?b <2logy M

2 6.8 dB 10.5 dB 12.6 dB 2

4 7.6 11.4 13.5 4

8 11.8 15.8 17.9 6

16 16.4 20.5 22.6 3
32 21.3 25.5 27.7 10
64 26.3 30.7 32.9 12
128 31.5 36.0 38.2 14

256 36.8 41.4 43.6 16
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Orthogonal signalling and its performance in the AWGN-channel

In orthogonal single symbol fransmission the received signal is

r(t) =s;(t)+n(t)

wherei=1,2, 3,..., M, and each pulse waveform is orthogonal with
respect to any other pulse waveform. We will assume that each
waveform (or the corresponding symbol occurs with the same
probability: P(cj) = 1/M.

The choice of basis functions is straightforward, because the pulse
waveforms are orthogonal they form an orthonormal set after

nhormalization:

1 :
¢;(t) = —7—s;0), 1=1,2,3,.... M

E,
1l
The dimension of the signal vector equals the number of symbols, but
each M-dimensional signal vector comprises only one component

differing from zero. The values of the components are simply

Sik = | Es; ik
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Example 4: Orthogonal PPM

A simple set of orthogonal function are time-shifted rectangular
pulses. In the binary case we get the pulse waveform shown in the
figure below.

Ns (t) Ns (t)
I I

—>t >1
T2 T T2 T

The orthonormal functions are

(t)—sl(t) \/:rect(t T/4j

~ sz(t) _\E t—3T/4
P (t) = £ = Trect( T2 j

2
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The signal vectors are

S1 = {Sn} _ {Isl(t)ﬁ(t)dt} ) {\/E}

s12 | | [s1(®)ga(t)dt 0
Sz{sn}{lsﬂnm(ndﬂ: 0
s22 | | [s2(O)a()dt | |VE

The example can be easily generalized, but a graphical presentation of
the orthogonal constellation is difficult when M > 3.
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Average symbol error probability

An exact closed-form SEP-expression cannot be given, because the
decision areas are not right-angled, which is necessary with Gaussian
hoise. An exception is the binary case, where the optimum receiver
SEP is:

wro(g)eel el v

An SEP-expression in integral form for the /f\s3

general M-orthogonal optimum system can be [E

obtained in the following way. S,

A symbol error occurs if the distance between ~—T,
the received vector and an other constellation JE [

point is shorter than the distance to the
constellation point corresponding to the
tfransmitted symbol.
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The event of a correct decision can be defined as
{cli}={|R-Si|<|R-5;i} vj=i

On the other hand is
‘R—Sj‘z = |R[} +‘SJ-‘2 ~2R-S; =|R*+Ej -2r; [E;

If we assume that all pulse waveforms have equal energy, the event of
a correct decision can be simplified to

{c}={rj <ri} Vj#1i

When the symbol S; is transmitted the received signal vector
components are
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\/E+ni=a,j=i

S; transmitted — r; ={ o
ni,j#i
J S

The correct decision probability conditioned on a certain symbol and a
given vector component value is:

P(C‘i,l’i = a) = P(n1 < Uyeeesj_1 < AyNj11 < Oyeey R < a)

Due to the statistical independence and equal distributions of the
noise components this conditional probability can be rewritten as:

- 5 M-1 T 5 5 -M-1
P(c|i,r,-=a)=[P(n<a)] =Lj pn(x)dx} =(1-0 N

Because of the symmetry of the constellation the conditional
probability doesn’'t depend on the transmitted symbol /and after
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averaging over aand subtraction from 1 we get the average symbol
error probability:

SEP =1- Ojo Pn (a—\/E)P(C‘a)da

—0Q0

(aEY) M1
—1- 1 ., N {I—Q[ 2a H da
N, Ny

For other cases than M= 2 this must be numerically computed.
SEP union upper bound

A symbol error will occur if any of the other noise components are
larger than the component corresponding to the tfransmitted symbol or

P(e|i,l’i =0£) = P(n1 >aU...Uni_1 >aUni+1 >aU...UnM >0!)
The probability of a union cannot easily be determined, but application
of the union bound gives a simple upper bound.
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From probability theory it is known that
P(Al UA2 UA3 U)S P(A1)+P(A2)+P(A3)+...

Application of the union bound gives the following upper bound for the
conditional SEP:

M 2
P(e|i,ri=a)S > P(ni>a)=(M—1)Q{ 2]\0; J

Averaging over the symbols and a-values gives

i (a—VE)’
| { ZaZJ
SEP <(M -1) e o 0 N do

N, 0
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A comparison of this integral with the integral in the conditional
probability of a correct decision shows that this integral equals that
integral for the binary case. But this probability was derived
separately and is known, so the upper bound can be expressed as

SEP <(M —l)Q( NEJ

0

This upper bound will be quite tight on low SEP-values.
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The average bit error probability

We assume the symbols to be equally probable and that all pulse
waveforms have the same energy.

Due to the nature of orthogonal signalling the probability to be in a
certain erroneous decision area in a symbol error situation is the same
for all error symbols. Therefore bit mapping into symbols is not an
important issue, any mapping will give the same bit error performance.

The probability of being in a certain decision area, given a symbol error
is 1/(M-1).

The number of decision areas where one gets N bit errors is given by

K
the binomial factor (Nj where K =log, M is the number of bits ina

symbol.
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The average bit error probability is

BEP — g fraction of number of decision probability of being in
- N=1 | error bits areas with N bit errors | | a given decision area
_ § Q(K) SEP _ SEP Ié N-K!
N=1 K\N)2K 4 (2K —1)N=1 K-N!(K-N)!
__SEP X (K-1)! __sep K (1@1)
(ZK —1)N=1 (N -1)Y((K-1)-(N -1))! (2K —1)N=1 N -1

The sum of of binomial factors is 2&-1, which gives average BEP:

K-1
2 M2
=k _ PP =1

Using the SEP union bound:

M2 E\ M (|E) M_( |Eploga M
e R e Rl

SEP
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Table 2. 10log(Ep/Ng)-values and bandwidths are needed for different BEP-

values with the optimum receiver with constant bit rate, and BW
being the bandwidth of binary transmission.

M [BEP= BEP= BEP= spectrum efficiency
10-3 106 10-9 _Rp 2logo M
B M

2 98dB 13.5dB 15.6dB 1.00
4 7.3 10.8 12.7 1.00

8 6.1 9.3 11.1 0.75
16 |5.3 8.2 10.0 0.50
32 4.7 7.5 9.2 0.3125
64 (4.3 6.9 8.5 0.1875
128 3.9 6.4 3.0 0.109375
256 (3.7 6.0 7.5 0.0625

A comparison with the corresponding table for MPAM shows the
radically different natures of MPAM and M:ary orthogonal signalling.
The former is suitable for use in situations with bandwidth constraints
but no power constraints while the latter is suitable for use in channels
with power constraints but no bandwidth constraints.
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