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L Soft decoder performance

Need for a soft decoder

y Viterbi
Equalizer

x>

b
Decoder ———

e Viterbi Equalizer provides only ML bit sequence X
e ML sequence X contains hard bits

e The decoder following the Viterbi equalizer has to operate on
hard bits
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I—Sol’t decoder performance

Performance

e The performance of the decoder
can be improved if the decoder
operates on the soft values

e Soft value contains not only
the bit value but also the
reliability information

e For example soft value could
be the bit probability

Comparison of soft
and hard Viterbi
decoder performance
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Soft bit calculation

e In order to have soft values at the input of the decoder the
equalizer should generate a soft output

o Viterbi algorithm generates at the output only ML sequence
— hard bits

e The soft information can be expressed as aposteriori
probability of a bit

e In the input to the equalizer the soft information is described
as the probability of the input symbol

e At the output the soft information can be expressed as
aposteriori probability of the symbol

e In case of binary bits the soft information can be expressed as
loglikelihood ratio (lIr)
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Soft bit as loglikelihood ratio

e For deciding a binary bit value accordingly to Bayesian
decision approach we have to calculate llr for a bit and
compare it to the decision threshold

o Loglikelihood ratio is a sufficient statistics - it contains all
information for making optimal decision

e In our setup (equalizer decoder) at the output of the equalizer
we do not want to make decision (yet) but postpone it to the
decoder stage

e We provide into the decoder input sufficient statistics

e For bit sequence the Ilr for a bit has to be calculated by first
marginalising the bit probabilities

e Marignalization meas integrating (summing) over the values of
nonrelevant variables
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Marginalisation

e Marginalisation of a distribution of a variable is a removal of
the impact of the nonrelevant variables

e For exmaple marginal distribution of a variable x; from the
distribution of three variables xi, X0, x3 is

p(x1) = // p(x1, x2, x3)dx1dxo

e for a discrete variables we could replace the integral over
distribution by a sum over possible values

p(x1) = Z Z p(x1, %2, x3)

X2
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Marginalisation ...

e Further simpolification: if the variables are independent the
probability can be split

p(xa)p(x2)p(x3)

e The marginal proability of x;

p(x1) = p(x) (Z P(Xz)) <Z P(X3)>

e Because we sum over probabilities: the sum over all possible
values of x, and x3 are 1
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Soft bit

e LLR contain sufficient statistics for making optimal decision
about the bit

p(x=1ly)
p(x =0ly)
e replace both of the conditional probabilities by using Bayes
formula
p(y|x =0)p(x p(y|x =0)p(x
D 0ly) — (e =0p() _ plylx = 0)p(x)
plylx =0) + p(ylx =1) p(y)
p(y|x =1)p(x p(y|x = 1)p(x
e 1ly) — (e =1p() __ plyx = ()
plylx =0) + p(ylx =1) p(y)

o If the symbols are apriori equally probable we can write

p(x =1ly)

p(x=0ly) 08 (Px=1Iy)) —log(p(x =1ly))

log
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Soft information from a symbol sequence
o Assume that the symbols are observed in the in additive white
noise
e For a symbol sequence we have from marginalisation
Z p(Xl,XQ,. G Xk = 1,. .. ,XN]yl,yg,. . ,yN)
x=1

log
Z p(X17X27"'7Xk = 07"'aXN’y17y27"'ayN)

x,=0

e Based on Bayes formula

p(xt,x2,. ..., xk =1,....xnly1, y2,. -, ywl)
— PYes sy XsX0s e Xk_l SXN)P(x1,X,- o Xk=1,... . XN)
p(y1,y25--5yn)

p(xt,x2,. ., Xk =0, xnly1, y2, ... ynl)
_ Pyes e ynlXs X0 0=0, X ) PO X250 =0, X )
p(y1,y2,---,yn)
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e We can simplify
Z P(Y1»)/27---7Yk,---a)/N|X1,X2;--->Xk = 17"'aXN)

Xk—].

Z p(yl y27"'7yk7'"7yN|X17X27"'7Xk:07"'7XN)

Xk—

log

> (Hp(ykl|x1,x2,...,xk:1,...,XN))
k1

AWGN xe=1

= log
> (HP(Yk1|X1,X2,...,Xk = O,...,xN))
xk=0 \ k1
single path szzzl <1k_1[ P (Vi | Xiey s Xk = 1))

= log

Z <Hp(yk1|Xk17Xk = 0))

xx=0 \ ki
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multipath 2_: < P Yk1|X1=X27--~,Xk=1,...,xN)>

k1

||M

ki

I1p (vl x1 %2, - ,Xk:0,...,xN))

multipath
P Z Hp(yk1|5k1 17Xk17Xk—1))

Markov model <
(Hp(yk1| Sky—15 Xky s Xk = O))
XkIO
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e The last equation is the general form for the Maximum
Aposteriori Probability (MAP) estimation algorithm

e The optimal algorithm for estimating not only bit values but
also their reliability is maximum aposteriori probability (MAP)
estimation for each bit in the received codeword

e For calculating the loglikelihood ratio from the aposteriori
probabilities we have to sum over all possible bit sequences

e Sum of the probabilities of the bit sequences where the bit
X, = 1 and where the bit x, =0
e Take the logarithm of the ratio of these probabilities

e This is different compared to the Viterbi algorithm where we

selected only one ML path

e MAP algorithm sums over all possible codewords (paths in the
trellis)
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Comparison of MAP and Viterbi algorithms

o Viterbi algorithm estiamtes the whole sequence, MAP
algorithm estimates each bit separately

e Minimization of sequence (codeword) error does not mean
that the bit error is minimized

o Viterbi algorithm estimates ML sequence

e estimated X is a vector X of hard bits corrsponding to ML
sequence

e the error probability is that given the received symbol vector y
the estimted sequence X is not equal to the transmitted
codeword x: p (X # x|y)

o Viterbi algorithm minimizes block error ratio (BLER)

e no information about the reliability of the estimation
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Comparison of MAP and Viterbi algorithms...

o MAP for each bit estimates the a-posteriori probability for
each bit and minimizes bit error probability

e X is a vector of likelihood ratios for each bit

e the error probability is: given the received symbol vector y the
estimations for each bit k xj are not equal to the transmitted
bit xx: p (X # x|y)

e The loglikelihood ratio sign shows the bit value the amplitude
describes reliability - how probable the decision is
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BCJR

o Implementation of MAP algorithm for decoding a linear code
was proposed by Bahl, Cocke, Jalinek,and Raviv (BCJR) in
1974

e For general trellis the algorithm is also known as
forward-backward algorithm or Baum-Welch algorithm

e The algorithm is more complex than Viterbi algorithm

e When information bits are not equally likely the MAP decoder
performs much better than Viterbi decoder

e Used in iterative processing (turbo codes)
e For turbo processing BCJR algorithm is slightly modified
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Derivation of MAP decoding algorithm in trellis

e BCJR (MAP) algorithm for binary transmission finds the
marginal probability that the received bit was 1 or 0

e Since the bit 1 (or 0) could occur in many different code
words, we have to sum over the probabilities of all these code
words

e The decision is made by using the likelihood ratio of these
marginal distributions for x =1 and x =0
e The calculation can be structured by using trellis diagram

e For every state sequence there is an unique path trough the
trellis

e Codewords sharing common state have common bit sequence.
This sequence can be computed only once.

e The objective of the decoder is to examine states s and
compute APPs associated with the state transitions
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Marginal probability

e The probability of the code words
is visualised in the code tree
e For independent bits the

0/00

A1

|l
3
S

LU PP probability of one codeword is
oo ‘ 0 multiplication of probabilities of the
00 . . . . .
_oot_[ orfi individual bits in the codeword
111 . .y
LA PP, e The marginal probability from the
o [, code tree for some particular bit
N ﬂ@: beeing 1 or O corresponds to the sum
oot [, L of probabilities over all the
100 577 codewords where this bit is 1 or 0
. 10,
i e o A structured way for marginal
" o1 . . . .
oot [, probability calculation is to use trellis
1/00
110

" 0/01
1/10

1
110
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Example: calculation of marginal probabilities

P(CL e, C3)

p(0,0,0)
p(0,0,1) > ple1,e2,63)
p(0,1,0) @ p*(c; = 0) =

>~ pler,e,63)+ > pler,co,c3)
1

p(0,1,1) @ e
p(1,0,0) le(q,Cz,Q)

C27
p(1,0,1) ® PP =1)= > plc,a,c)+ > pler,co,c3)
p(1,1,0) @ 2 o
p(1,1,1)
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Example: a-posteriori probability
For the independent samples we can separate
> pcale)p(c)p(csler, c2)

C2:0

ppost'(c2 — 0) —

> plale2)p(e)p(esler, ) + > plei|c2)p(ca)p(csler, 2)

(_‘2:0 C2:1

> plc)p(c2)p(cs)

62:0

2::0 p(ci)p(c2)p(cs) + > p(er)p(c2)p(cs)

Cz:l

ple:=0) (Sol@) (S p(en)
= slep(e) (£ pla) + X pler))
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Example:a-posteriori probability...
e The likelihood ratio becomes
pp°5t(c2 =1) _ p(c2 =1) (%: p(C1)> (% P(C3))
PETD e =0 (Te@) (Sele)

_ Ple=1)-(p(ca =0) +p(a = 1)) - (p(c3) + p(cz = 0))
p(c2 =0) - (p(c1 = 0) + p(c1 = 1)) - (p(c3) + p(c3 = 0))
e The computation can be simplified by summing over all
possible beginnings and ends of the codewords separately

e In this simple example the sums can be reduced to 1, for a
general code this is not the case
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Derivation of the forward-backward algorithm

e For a general HMM the marginalisation can be simplified by
grouping together the codewords that have a common terms.

xk=1 \ ki

> <HP(Yk1’5k1—17Xk1,Xk = 1)>

log
z <Hp(yk1’ Sky—15 Xky s Xk = 0)>

xxk=0 \ k1

e Let denote transition at stage ki from state s, = S; to state
Sk+1 = Sj in the next stage as

Mklvj:i = P(Yk1|5k1 - 5f7$k1+1 - 5_])
p(yk1|5k1axk1)
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Derivation of the forward-backward algorithm

> (HP(YkJSankUXk:l)) = > (HP(Yk1’5k1a5k1+17Xk:1)>

xe=1 \ ki xk=1 \ ki
> sum over all the symbol sequences where x;, = 1
x=1
[] multiplication over all the state transition along a path
k
1 corresponding to some particular codeword
e We can regroup:
e all the codewords contain one common transition
P(Yk|Sks Skt1, Xk = 1)
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Derivation of the forward-backward algorithm

X P (vklsks skr1, x = 1) ( I P(,Vk1|5k1’5k1+1)> ( 11 P()’kl‘sklvslirl))
s ky <k ky >k

sgE

Aki= ( I1 P(Yk1’5k1;5k1+1)> is called forward metrics
ki <k

Byj = ( I p(yk1]5k1,5k1+1)> is called backward metrics
ki>k

e oy ; = log(Ak.,i) is sum of the proabilities along all the paths

that when starting from the beginning of the trellis at the
stage k will merge to state i

* Bkj = log(Bx,) is sum of the proabilities along all the paths
that when starting from the end of the trellis at the stage
k + 1 merge to state j
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Calculation of metrics

e A and B can be calculated recursively
e for particular state k;, i we can write corresponding Ay, ;

Ai= > PWki—1:Yk—25-- s Y1lsk = SiySk—1,---,51)

Skzs,‘

pP(Vii—1|5k = Siy Sk—1 = Siy) )
A = 1 1 1 1
o Z ( 'P(Yk1—2a---7)/1‘5k1—1 = 5,'1,...,51)

Sk —1=S

= E Mg i Al—1i

n

By, : = Z ( p(ykl+1|sk1 = 5j75k1+1 = Sjl) )
v P(Yiy+25 -+ YNISK+1 = Sjts -5 SN)
Sk +1=S

= E My jji - Br+1.4

J1
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[llustration: froward metrics

Ali—1,0 Ak 0

Ag,i = E Mi iy + Aki—1,i
i

= Mui1 - Ag-11+Mgo1-An—12
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[llustration: bacward metrics

By o B 41,0
+1,1,1

By, = E Mi+1,ii * B+,

n

= M+111 Bio-11+ Mis14121 - Bigt12
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Calculation in log domain

e For numerical stability better to compute in logarithmic
domain

log (Ak,i - Mkij- Bkj) = log(Ax,;)+log(My;;)+ log(Bx;)
= ot kit Bry

ok, =log (Aki) Brj=log(Bij) puij=log(Mk;;)

Ay = 22 Migiiy - Alg—1,i = log (Z e“kl”""ﬁa“‘l"'l)

it i

B/q,j = 2 Mk1+l+l,j,j1 . Bk1+l,j1 = |og (Z eMki+1,j.01 +/6k1+1,f1>
J J1
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Metric for AWGN channel

e Probability calcualtion simplification for the equalizer in
AWGN channel

1 _ (Yk*f(kaSkvhch))2

(vk — F(Xk» Sk, hen) )

2
20y,

\/ﬁe 20’2\1 = — IOg 2770'% —
o2
1
= 252 (vZ — 2ykf (Xks Sks hen) + F (XK, Sk, hen)?)
N

1 1
= — 2y F(Xk, Sk, hen) — —= F(Xk, Sk, hen)?
207 Vief (Xk, Sk hen) 207 (Xk, Sk, hen)
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Initialization

e Suppose the decoder starts and ends with known states.
. 1, S = 50
© 1 0, otherwise

:{ 1, sy=5

0, otherwise

e |f the final state of the trellis is unknown

1

—, VY
om’ SN

Bn,j =
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Metric calculation

Map algorithm: Summing over all the codewords where the symbol
x, = 0 and where it is x, =1

e at the node we combine the probabilities meging into this
node

ar(sk =Si) = > p(Yk—1,Yk—2,---, 1|5« = Si, Sk—1,- - ,51)

SkZS,'
e We do not reject other path but sum the probabilities togeher
e the probability of the part of the codeword continuing from
the trellis state where they merge will be same for both
codewords

e Similarly we can calculate for backward metric B by starting
at the end of the trellis
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Algorithm

e Initialize the forward and backward metrics ag(k)

Compute the brance metrics pu;

Compute the forward metrics o ;

Compute the backward metrics (3 ;
Compute APP L-values L(b)

(optional) Compute hard decisions
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L Example:Problem

Example:MAP equalizer

e Use MAP bit estimation for estimating the transmitted bits if
the the channel is h,p, = 1-(0) + 0.3 -6(1).

e The received signal is y,c = [1.3,0.1,1,—1.4,—0.9]

e The input is a sequence of binary bits b modulated as x
1—-10— —1.

e The EbNO = 2dB
e Estimate the most likely transmitted bits

o (Notice that we are using the same values as in the example
about Viterbi equalizer.)
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Metric assignment

e Metric is calculated based on the received value and the value
in trellis branch.

1 1 1
e \ 5oz 2vkf hy)— ——f ho)?
||hcth (2‘7/2\/ Vicf (X, Sk, hen) 20%\/ (X« Sk, Ch))

where
f (X, Sk hen) = h1 - Xk + ha - X1+ -+ + hp - X —(1-1)

is the noiseless (mean) value of the corresponding trellis branch.
This metric is normilized by the channel total power W
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L Example:Solution
L Trellis

Metric on each branch

Metric in each trellis branch
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L Backward calculation

Example: Backward calculation, Bacward trellis

e start from the end of the trellis and calcualate the sum of the
probabilitites
e Init the last stage probability to 1 (in log domain to 0):
B50=0
@ By using the state probabilities k 4+ 1 and the probabilities on
the transitions calculate the probabilities for the states k
/Bk = Iog (ZJ e#k,i,j+ﬁk+1,j)
(If the values are in the log domain for the sum you have to

convert them back to the probability domain.)
@ Normilize (needed for the numerical stability)

Bre,# = Br,p — max (Br,x)

MAP algorithm
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I—Ba\t:kward calculation

Example: Backward calculation, Bacward trellis

Stage=0 Stage=1 Stage=2 Stage=3 Stage=4 Stage=5

ﬂstage,state

B,i = log (ZJ euk+1,i,j+ﬂk+1,j)
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L Backward calculation

Example: Backward calculation: Stage 5 to 4

Bo,0 B1,0 B2,0 33,0 Ba0
O O O O O

O O O O
P11 B2,1 B3,1 Ba1

@ The new state probabilities
Bao = ws00 + P50 =0.80+0

MAP algorithm
L Example:Solution

I—Backward calculation

Example: Backward calculation: Stage 5 to 4

Bo,0 B1,0 B2,0 33,0
O O O O

O O O
B11 B2,1 83,1

@ The new state probabilities
Bao = ps00 + PG50 =0.80+0
Ba1=ps10 +0s0=—-117+0

—-1.17
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L Backward calculation

Example: Backward calculation: Stage 5 to 4

Bo,0 B1,0 B2,0 B3,0

O O O O O
O O O O
P11 B2.1 B3,1 —1.97

@ The new state probabilities
Bao = p500 + P50 =0.80+0
Ba1 = ps10 + Ps0=—117+0
® (40=0.80—-(0.80) =0, fs1 =—1.17 — (0.80) = —1.97
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I—Ba\ckward calculation

Example: Backward calculation: Stage 4 to 3

Bo,0 B1,0 B2,0 3.1
5 5 5 % 10

O O
B1,1 B2,1 83,1

@ States backward probabilities
/@3 0= |og (eH3,o,o+54,o 4 eM3,o,1+54,1) —
|og(e3.1+0 + 674.54+(71.97)) —3.10

—1.97
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L Backward calculation

Example: Backward calculation: Stage 4 to 3

MAP algorithm
L Example:Solution

I—Backward calculation

Example: Backward calculation: Stage 4 to 3

Bo,0 B1,0 B2,0 3.10 0 0 Bo,0 B0 B2,0 0 0 0
O O O O O O O O O O O O
2.5:)3/ -
O O @ OO o o o 0
B1,1 B2.1 2537 —-1.97 Bi1 B2,1 —0.57 —1.97
@ States backward probabilities @ States backward probabilities
/6'370 — |0g (eu3,o,o+,@4,o + eu3,0,1+ﬁ4,1) —_ ﬁ370 _ |Og (eu3,o,o+54,o + eu3,o,1+54,1) _
|Og(e3.1+0 + 674‘54+(71‘97)) =3.10 |og(e3.1+0 + 674.54+(71.97)) =3.10
/3371 — Iog (eu3,1,o+ﬁ4,o + eM3,1,1+ﬁ4,1) — ﬁ3,1 — Iog (eM3,1,o+ﬁ4,o + eu3,1,1+ﬁ4,1) —
|og(e2.53+0 + 6710'04+(71'97)) =253 |og(e2.53+0 + 6710.044*(71.97)) =253
@ B =310 — (3.10) =0, f41 = 2.53 — (3.10) = —0.57
MAP algorithm MAP algorithm
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I—Backward calculation I—Ba\ckward calculation
Example: Backward calculation:  Stage 3 to 2 Example: Backward calculation:  Stage 3 to 2
Fo.o Pro 091505 O 0 Fo.o Pro 0.91 0 0 0
O O O O O O O O O O
73;4/-9 -7
0 O O  TL—0 O
Br1 o 057  —1.97 B 059  _os57 107

@ States backward probabilities
Boo = log (elt3,o,o+53,o + eu3,0,1+ﬁ3,1) —
log(e~8:08+0 4 61.48—1—(—0457)) — 091

@ States backward probabilities
Ba0 = log (eM3,0,0+ﬁ3,0 + eu3,o,1+53,1) —
|Og(e—8.08+0 + e1.48+(—0.57)) —0.91
Ba21 = log (eﬂ3,1,o+ﬂa,o + eu3,1,1ﬁ3,1) _
log(e~349+0 4 e1'14+(’0'57)) — 059
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L Backward calculation

MAP algorithm
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I—Backward calculation

Example: Backward calculation:  Stage 3 to 2 Example: Backward calculation: Stage 3 to 2
Bo,0 B1,0 Bo,0
O O O O O O O O
O O O O O O
Bia —0.32 —0.57 —-1.97 P11 —0.32 —0.57 —1.97
@ States backward probabilities @ States backward probabilities
B0 = log (eM3,0,0+53,0 4 eu3,0,1+ﬂ3,1) — Bro = log (eu2,o,o+ﬂ2,o + euz,o,ﬁ-ﬂz,l) —
|og(e—8.08+0 + e1.48+(—0.57)) —=0.91 |0g(e—4.24+0 + e—0.59+(—0.32)) — _0.88
Bo1 = log (eu3,1,o+,33,0 + eu3,1,153,1) —
|Og(ef3.49+0 + el.14+(70.57)) —0.59
® (20=091—-(091)=0, #1=059—(091) =—-0.32
MAP algorithm MAP algorithm
I—Example:Sqution I—E><amp|e:Sqution
I—Backward calculation I—Ba\t:kward calculation
Example: Backward calculation: Stage 3 to 2 Example: Backward calculation: Stage 3 to 2
Bo,0 —0.88 0 Bo,0 0
O O O O O O O O O O
~1.42-7
o5 —0 O O O O O O
—1.242' —0.32 —0.57 —1.97 —0.36 —0.32 —0.57 —1.97
@ States backward probabilities @ States backward probabilities
Bio = log (eM2,o,o+52,0 + eu2,0,1+ﬁ2,1) _ Bro = log (euz,o,o+ﬁ2,o + euz,o,l-l-ﬁz,l) —
log(e=424+0 4 ¢=0.59+(-0.32)y — _0 88 log(e #2410 4 ¢=059+(-032)) = _0.88
Br1 = log (eu2,1,oﬂ2,o + euz,1,1+52,1) — Br1 = log (eﬂ2,1,0/32,0 + eu2,1,1+ﬂ2,1) —
log(e142+0 ¢ efz.7+(70.32)) — _124 log (e~ 14210 4 e,z.7+(,0,32)) — 194

® (10 =—0.88—(-0.88) =0,
fr11=—1.24 —(—-0.88) = —0.36




MAP algorithm MAP algorithm

I—E><amp|e:50|ution I—E><amp|e:Sqution
I—Forward calculation I—Forward calculation
Example: Forward calculation Example: Forward calculation, Forward trellis

e start from the beginning of the trellis and calcualate the sum
of the probabilitites
e Init the probability of the first state at the stage to 1 (in log
domain to 0): ao =0
@ By using the state probabilities k and the probabilities on the
transitions calculate the probabilities for the states k + 1
ki = |0g (ZJ etk.ijtak—1,
(If the values are in the log domain for the sum you have to
convert them back to the probability domain.)
® Normilize (needed for the numerical stability)

Qe 4 = Qe 4 — max (Ozky#)

Stage=0 Stage=1 Stage=2 Stage=3 Stage=4 Stage=5

Olstage, state
ay ;i = log (ZJ e“kvi,ﬁo‘k*l,f')

MAP algorithm MAP algorithm
I—Example:Sqution I—E><amp|e:Sqution
I—Forward calculation I—Forward calculation
Example: Forward calculation: Stage 0 to 1 Example: Forward calculation: Stage 0 to 1
(0% « (0% (0% — (% « (e
0 664 1,0 2,0 3,0 4,0 0 0 _¢.6a 6.64 2,0 3,0 4.0 0

O O O O 5370 O O O O

O O O O O O
a1 a1 Q31 Q41 253 a1 a3l Q4.1
@ The new state probabilities @ The new state probabilities

01,0 = [11,0,0 + g0 = —6.64
o11 = p1,1,0 + oo = 2.53
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- Example:Solution
I—Forward calculation I—Forward calculation

Example: Forward calculation: Stage 0 to 1 Example: Forward calculation: Stage 1 to 2

0 -9.17 02,0 Q3,0 Q4,0 0 0 -9.17,,, —142 Q3,0 Q4,0 0
O O O O O O O O------0 O O O
1427
O O O O O O O O
0 Q21 Q31 Q41 0 Q21 a3l Q4.1

@ The new state probabilities
angy = Iog (e,uz,o,oJrOél,o + e#2,o,1+a1,1)
(674.24+(79.17) + 671.42+0) — _1.42

@ a1o=—664—-253=-917, a;; =253-253=0 = log

MAP algorithm
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- Example:Solution
I—Forward calculation I—Forward calculation

Example: Forward calculation: Stage 1 to 2 Example: Forward calculation: Stage 1 to 2

0 -9.17 —1.42 a3 0 Q4.0 0 0 —0.17 0 a3 40 0
O o059 QO O O O O O O O O O
0o - —2.70 a3,1 Q4,1 0 —-1.28 Qasz; 04,1
° ©
a1 = Iog (eH2,1,0+041,0 + eM2,1,1+a171)
—  log(el#8+(-917) | ~1.14+0) _ 5 70

O ooo=-142—(-142)=0, ap; = —2.70 — (—1.42) = —1.28
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Example: Forward calculation:  Stage 2 to 3

0 —9.17 0g_ o3 473 4.0

O O G20 O
—349.-"

O o O O

0 —1.28 Q31 041

@ a3 = log(els00t@20 4 eisortort) —
log (e 8-08+0 | g=349+(-128)) — _4 73
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Example: Forward calculation:  Stage 2 to 3

0 _9.17 0 _473
O O ag O
O
0 128" 166

O a3 = log(eH300t®0 4 ehso1tat) —
log(e 808+0 | g=349+(-128)) — _4 73

31 = log (et310t020 | etsratont) —
|og(e74.54+0 + 6710'04+(71‘28)) —1.66

Q4.0

O
O

Q4,1
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Example: Forward calculation:  Stage 2 to 3

0 -9.17 —6.40 04,0
O O O O O
O O O O
0 ~1.28 0 04,1

@ a3 = log(ers00otozo 4 ehsortaat) —
log(e8:08+0 4 e—3.49+(—1-28)) = —4.73

azq = |og(e#3,1,o+a2,o + eM3ita1) —
|Og(ef4.54+0 + 6710.04+(71.28)) —=1.66

D o30=—-473—-1.66=—-6.40, 31 =1.66—-1.66=0
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Example: Forward calculation:

0 ~9.17 0 —6.40

O O O O
O O O
0 1.28 0

Q4,1
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Bite aposteriori Pb

e The bit aposteriori probability is calculated by combing
forward probability is states k backward probabilty in states
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Example: a-posteriori for the bits: bit 1

0
k + 1 and transitions probabilities. O O QO O
o log P(yk|xk=1,x)
p(yk|xk=0,x)

™ ek, itHii B4 1,j O O O

X =1

S ek, itHi, i jTPk41,) ﬁl’l

X =0

e®0,0+11,0,1481,1 e072.53+(70.36)
log (eao,oJrul,o,oJrﬁl,o) = log 0—6.63+0
= 217 — (—6.64) = 8.81
MAP algorithm MAP algorithm
I—Example:Sqution I—E><amp|e:Sqution
I—Forward calculation I—Forward calculation
Example: a-posteriori for the bits: bit 1 Example: a-posteriori for the bits: bit 2
0 0
O O O O O O O O
O O O @) O
+p2,0,1+ +p1,1,1+
e00,0t11,01+61,1 ©0—2.53+(—0.36) log (eal,o 12,01+H02,1 4 go1,1tp1,11 ﬂz,l)
IOg (W) = IOg W ea1,0+ﬂ2,0,0+52,0 -+ eOll,l'hUQ,l,O"‘ﬂZ,O
_ —9.17—4.244-0 0-—-1.4240Y —9.17—-0.59-0.32 0—2.70-0.32
— 217 (—6.64) = 8.81 = log (e te )~log (e te )

— -3.14
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Example: a-posteriori for the bits: bit 2

0
e1,0+42,01+052,1 + eaL,1HH11,1+062,1
lo
& ea1v0+ﬂ2,070+52,o + ea1,1+ll2,1,0+ﬂ2,0
— log (6—9.17—4,24+o 4 eo-1.42+0)_|0g (e‘9'17_0'59_0'32 I e0—2,70—o.32)

=314
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Example: a-posteriori for the bits:  bit 3

O O

| 2,0 13,01 +03,1 | a2,1+13,1,1+03,1
(¢}
g e2,0+#3,001+03,0 4 g02,1+43,1,0+53,0

0+8.084-0 + 671.2873.4970) (eO+1.4770.57 _’_671.2871.1470.57)

—log
= 5.64

= log (e
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Example: a-posteriori for the bits:  bit 3

O O

| e®2,01H3,01+03,1 + e2,1+131,1+63,1
(o]
€ e02,01+143,0,01033,0 + e02,1+13,1,0+53,0

0-+8.08+0 + e_1’28_3'49_0)—|og (60+1.47—0,57 + 6_1'28_1'14_0'57)

= 5.64

= log (e
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Example: a-posteriori for the bits: bit 4

O O
O

o) Oo

| ea3,0+,u4,0,1+54,1 + ea3,1+u4,1,1+ﬂ4,1
o
g 03,0 #4,0,0154,0 + 03,111,101 54,0

—6.40+3.10+0 + eO+2‘53+71.97) —6.40—4.544-0 +60710.0471.97)

—log (e
=—-1.41

= log (e
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Example: a-posteriori for the bits: bit 4

0 0
0
03,01 14,0,1+54,1 + 03,1 H4,1,1454,1
|
8 03,01 14,0,0+54,0 + 03,1 H4,1,0+54,0
— |Og (e—6.40+3.10+0 4 e0+2.53+—1.97)_|og (6—6.40—4.54+0 + 60—10.04—1.97)

=-141




